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Abstract

A group of people working on a common project wish to share informa-
tion among themselves. The available information-sharing mechanisms
do not allow precise information transmission because of communication
constraints. We provide two characterizations of a Pareto ranking of such
“coarse” mechanisms: 1. Mechanism N outperforms mechanism M for ev-
ery common project if and only if N induces a larger set of social choice
functions in pure strategies. 2. Mechanism N outperforms mechanism
M for every common project if and only if the graph describing N can be
transformed from the graph describing M using five types of operations.
We then study two applications. In the first application, we show that an
optimal voting institution has a sequential voting procedure and a dictato-
rial voting rule. In the second application, we show that data overload can
be avoided for an organization despite its severely limited data-processing
capacity.
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1 Introduction

This paper studies mechanisms in which information is transmitted coarsely.
Such mechanisms are common in real life. In a firm, units communicate with
each other through briefings and summaries that omit details. In voting, people
only indicate which candidate they prefer but not the intensity of that prefer-
ence. When a person needs to remember something complex, he often uses the
“mnemonic mechanism” of taking sketchy notes or forming crude impressions
to remind his future self.
One important reason for the popularity of coarse mechanisms is that precise
communication is costly. It takes time, effort, and other resources to encode
and send complex information precisely; it also takes time, effort, and other re-
sources to receive, decode and process the information precisely. Facing such
costs, it is natural that a practical mechanism would entail coarse communica-
tion.
In contrast with reality, the theory of mechanism design largely focuses on di-
rect mechanisms, invoking the Revelation Principle to simplify analysis. Un-
fortunately, this approach ignores, among other important mechanism details,
communication constraints, because in a direct revelation mechanism, players
can precisely transmit any relevant information. Thus it may be the case that
the optimal direct revelation mechanism is not feasible in reality when commu-
nication constraints are present.
New theories need to be developed to address mechanism design problems in
which communication constraints pose an issue. Our paper, among a number
of others that constitute a growing literature with the same concern1, is an at-
tempt towards this end. We consider a common interest situation in which a
group of players cooperate on a project. Information conducive to a good out-
come is distributed among the players—each one only observes a piece of partial
information. A mechanism, which takes the form of a message game, is called
for to share information and facilitate cooperation. However, communication
constraints are present in the mechanism, meaning that information cannot be
precisely transmitted.
We identify two types of communication constraints. First, there are too few
available messages, which makes it impossible to use a distinct message for
each piece of information. Many factors can cause this limitation—the com-
mon vocabulary is not sufficiently rich, or the amount of time, space or bits
allowed for expressing a piece of information is limited. The second constraint
is that messages from one player are not perfectly observed and processed by

1A more detailed discussion of the literature is provided in Section 2.
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other players; hence different messages can be mixed up. This limitation can
arise from insufficient memory or data-processing capacity, with the result that
different messages need to be processed as if they were the same. Moreover, im-
perfect observation of messages can also be used to model institutional details
such as organization structures, communication procedures, disclosure policies
and decision rules.
Our framework can model many information-sharing mechanisms, including
centralized or decentralized organizations, voting institutions, and even dy-
namic single-person decision procedures. We search for a comparison procedure
to rank suchmechanisms that allows the optimal mechanism to be found for any
design problem. We say that a mechanism N dominates another mechanism
M if, for any common project (parametrized by a common payoff function and
a common prior), the best equilibrium under N generates a weakly higher ex-
pected payoff to the players than the best equilibrium under M . This ranking is
parameter-free by nature and can be used to eliminate dominated mechanisms
without knowing the specific common project at hand. Thus the ranking can
be helpful for the design of mechanisms that are used repeatedly for multiple
projects or for a project with uncertain parameters.
The main analysis of the paper consists of two characterizations of the domi-
nance ranking.

1. Mechanism N dominates mechanism M if and only if N induces weakly
more social choice functions in pure strategies thanM . Therefore, “better”
and “more versatile” are equivalent regarding mechanisms in our frame-
work. This result is in spirit analogous to the comparison of experiments
given in Blackwell (1951).

2. Mechanism N dominates mechanism M if and only if the graph describ-
ing N can be obtained from the graph describing M by a sequence of five
types of graphical operations. These operations correspond to introduc-
ing new messages and refining observations, or removing redundant mes-
sages and coarsening unnecessary observations. This result is in spirit
analogous to Blackwell (1951)’s “garbling” characterization of the compar-
ison of experiments.

Both characterizations are operational—there is an algorithm that verifies the
dominance ranking between two givenmechanisms in finitely many steps based
on either characterization.
The characterization results can be used to solve specific mechanism design
problems that fit our framework. We explore two applications. In the first ap-
plication we study the optimal voting institution for a collective choice problem,
and find that this institution has a sequential procedure, a full disclosure policy,
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and a voting rule under which the last voter is always pivotal.
In the second application, we examine whether additional messages are always
marginally beneficial if a mechanism’s message-processing capacity is severely
limited. We find that this is indeed the case, showing that a version of “data
overload” is absent from our framework.
The rest of the paper proceeds as follows. Section 2 discusses the literature.
Section 3 introduces the model. Section 4 presents the main analysis. Section
5 demonstrates the two applications. Section 6 discusses some related issues
and extensions. The Appendix includes the proofs.

2 Literature

There is a growing literature highlighting communication constraints and costs
inmechanism design. One branch of the literature, including early classics such
as Mount and Reiter (1974) and Hurwicz (1977) and recent contributions from
Nisan and Segal (2006), Segal (2007), Fadel and Segal (2009) and Segal (2010),
explores mechanisms that achieve a given objective using as little communica-
tion as possible. Another branch searches for optimal mechanisms subject to
communication constraints or costs. Mookherjee (2006) is an excellent survey
of earlier papers, and Blumrosen, Nisan, and Segal (2007), Van Zandt (2007),
Kos (2012), Blumrosen and Feldman (2013), Kos (2014), and Mookherjee and
Tsumagari (2014) are recent developments. Although each paper may focus
on a specific type of mechanism, under the same overarching theme, the two
branches may be viewed as solving the primal and the dual of a constrained
optimization problem respectively. Our paper, by contrast, does not solve an
explicit optimization problem. Instead, we provide a tractable method by which
such an optimization problem can be solved.
In terms of modeling, our paper is similar to previous works on organization
structure design for efficient information processing. In this literature, which
includes Marschak and Radner (1972), Radner (1993), Bolton and Dewatripont
(1994), and Van Zandt (1999), an organization is modeled as a group of decen-
tralized units capable of acquiring and processing information. The problem is
to design a communication structure that organizes these units such that in-
formation can be effectively aggregated and processed. Our model also shares
these features. The key challenge to the design problem within our framework
is the presence of coarse communication, which is absent in this literature and
renders the analysis very different.
There is a parallelism between our paper and Blackwell (1951). Similar to an
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experiment à la Blackwell, a mechanism may be viewed as a device that gener-
ates signals (in the form of messages) based on the true state to facilitate deci-
sion making. However, unlike an experiment, a mechanism may have multiple
decision makers, and the signals are endogenously generated by strategic play-
ers via a dynamic interactive procedure. In Blackwell (1951), an experiment
dominates another if and only if the former can be obtained from the latter by
a specific transformation (the inverse of garbling). This corresponds in spirit to
our finding that amechanism dominates another if and only if the former can be
obtained from the latter by a sequence of operations of five specific types. Thus,
our paper is also related to the literature on comparing information structures
that derives from Blackwell (1951), among which Gossner and Mertens (2001),
Lehrer, Rosenberg, and Shmaya (2006, 2010), Pęski (2008), and Bergemann
and Morris (2016) extend the results to games with multiple players.
An important application of the paper is optimal voting design under common
interest. Papers discussing information aggregation in various voting institu-
tions include Feddersen and Pesendorfer (1998), McLennan (1998), andDuggan
and Martinelli (2001), all of which emphasize asymptotic efficiency as the num-
ber of voters grows. For a fixed number of voters, Dekel and Piccione (2000)
show that in a symmetric environment, any equilibrium under simultaneous
voting remains an equilibrium under sequential voting. Thus, they conclude
that sequentiality does not bring an improvement. Our paper2 shows that, in
contrast, if a voting institution is evaluated by its best equilibrium, then se-
quentiality may bring an improvement. Like our paper, Miller (1977) and more
recently Kleiner and Moldovanu (2017) use graphical representations to ana-
lyze the performance of voting institutions, although the environment in their
models differ significantly from that in ours.

3 Model

Common Project

A group I = {1, ..., N} of players works on a common project. For this project,
each player i ∈ I needs to choose an activity ai from a finite set Ai. Ai could
be {null}, which means that the project does not involve any activity input from
player i. We shall see that i can still contribute to the project by providing
information input. Assume that if Ai is not the null set, then it has at least two
elements, that is, player i’s problem of choosing an activity is not trivial.

2Proposition 2.
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A profile of activities a = (a1, ..., aN) is the outcome of the project. Let A denote
the set of feasible outcomes A1 × ...× AN .
The payoff from outcome a depends on theN−dimensional state x = (x1, ..., xN),
which is randomly drawn from a finite set X = X1 × ... × XN by distribution
function F . Every player receives the identical payoff φ(a, x) from outcome a if
the state is x.3

Each player i only observes xi but not other dimensions of the state.
The same group may repeatedly face different projects, or may face a project
with uncertain parameters. A and X remain the same across projects, but φ
and F vary. Use the parameters (φ, F ) to denote a particular project.
Common interest due to the common payoff function and the common prior is
important to our analysis. In Section 6, we will discuss the possibility of ex-
tending the results to an environment in which conflict of interest exists.
We provide a few examples that can be modeled as a common project.
Example 1. A decentralized firm

A firm has N units. Each unit i takes charge of a part of the firm’s business by
choosing its own production plan ai ∈ Ai. Moreover, unit i also gathers business
intelligence xi that is useful to itself and to other units.
Example 2. A centralized firm

This example differs from the previous one in that now unit N is the headquar-
ters which centralizes production planning for all units. Thus, Ai = {null} for
i 6= N because these units have no decision power. They only provide informa-
tion input.
After processing information input from all units, the headquarters (unit N )
chooses a central production plan aN ∈ AN .

Example 3. Dynamic individual decision making

Our framework can also be used to model an individual decision-making pro-
cess. Suppose a person faces a project that requires N days to finish. On each
day i, he completes part of the project by choosing ai ∈ Ai, and moreover, he
acquires some useful information xi ∈ Xi. His overall performance depends on
the outcome (a1, ..., aN) and the payoff-relevant information (x1, ..., xN).

3In many situations, the totality of the players’ private information is not the payoff-
determining true state per se, but only noisy signals about the true state. In these cases, φ(a, x)
corresponds to the expected payoff from outcome a conditional on signal vector x.
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Mechanism

There are many mechanisms that organize communication and coordination
among the players for the common project. We focus on a specific class of them.4
In particular, we focus on mechanisms that take the form of a message game
that proceeds as follows:
Player 1 moves first, player 2 second, and so forth. Each player only moves once.
When it is player i’s turn to move, he chooses his activity ai ∈ Ai, and then, he
chooses a message m from a given message set Mi to send to players who have
not moved yet, i.e., any player j > i.
Player N does not send any message.5 For player N to have a non-trivial role,
assume that AN is not the null set.
A player cannot observe the activities chosen by other players, but can (imper-
fectly) observe messages from players who move before him.
All mechanisms we consider share the above procedure. Mechanisms can differ
in two components. The first mechanism-specific component is the message
set Mi available for each player i 6= N , which can vary across mechanisms.
Moreover, within the same mechanism, different players can be given different
message sets.
It is immediate that if |Mi| < |Xi|, then player i cannot always precisely convey
his private information xi by a message, because one-to-one coding from dis-
tinct information contents to distinct messages is impossible. Coarseness thus
arises.
The second mechanism-specific component is how each player observes past
messages from those who moved before him. Specifically, a mechanism deter-
mines for each player i a partition Pi of the set of message historiesM1×...×Mi−1

from those who moved before i. Player i can distinguish between two message
histories if and only if they are in distinct elements in Pi, i.e., partitional “cells”
under Pi. We call each element in Pi a perception of i. The idea is that i
perceives all message histories in the same perception as if they were the same.
If player i’s observation of message histories is not perfect, then the information
contents contained in different message histories between which he cannot dis-
tinguish are mixed up, and coarseness arises. Clearly, imperfect observation of
message histories also captures de facto simultaneous moves by multiple play-
ers.

4In Section 6, we discuss some extensions.
5This is without loss of generality, because activities from others have been chosen before

player N moves.
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We revisit Examples 1-3 and show how our framework fits them.

Example 1. A decentralized firm, continued

A mechanism models the communication structure of the firm: Unit i sends a
report, in the form of a message chosen from Mi, to other units while choosing
its production plan ai. Mi can be limited, presumably because it is not practical
to report every detail.
Pi captures how unit i observes and processes reports (messages) from other
units. Observation is not necessarily perfect, possibly because there is an inter-
mediate layer of message-processing/compiling/briefing that further condenses
the reports.
Moreover, Pi can also capture the hierarchical structure of the firm. For exam-
ple, at one extreme, a flat structure is modeled such that no unit can distinguish
between anymessage histories, whereas at the other extreme, a linear structure
is modeled such that each unit can distinguish between some message histories
from lower units.6

Example 2. A centralized firm, continued

Similar to the previous example, amechanismmodels the communication struc-
ture of the firm through which information is aggregated and filtered through
units 1 to N − 1 before it reaches the headquarters (unit N ). The headquarters
then makes the central production plan based on its observation of the message
histories.

Example 3. Dynamic individual decision making, continued

A mechanism models the decision-making process of a forgetful person. This
person cannot precisely remember what he has done and learned in the past,
but can only form crude impressions. On day i, he would convert his current
knowledge into an impression in the form of a message m ∈ Mi. Moreover, on
the next day, he may be confused by different past impressions and cannot dis-
tinguish among them. For example, on day 1, China or Japan would cause the
impression East Asia, whereas India or Pakistan would cause the impression
South Asia. On day 2, he is no longer able to distinguish between these two
impressions and hence cannot exactly recall which country, China or India, he
has learned about the day before. Pi thus captures this person’s imperfect recall

6Bolton and Dewatripont (1994) models a firm as a communication network and discusses
the implications of its structure on a firm’s performance. In that model, time and costs are
required to process and transmit information, and the analysis focuses on cost minimization.
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of past impressions.7

Voting mechanisms

A variation of the mechanism can model collective choice by voting: A group of
people i = 1, ..., N − 1 wants to collectively choose from a set Y of candidates.
Each person i has some partial information xi about the candidates. The value
of candidate y is equal to φ(y, x) conditional on x = (x1, ..., xN−1). This situation
embeds the famous Condorcet Jury Problem, known to have first been studied
by Condorcet (1785), in which the voters are jurors who each receive a noisy
signal about whether a defendant is guilty, and the candidates are two verdicts,
“conviction” and “acquittal”.
Suppose that the people must choose a candidate by voting. The mechanism
introduced above can be slightly modified to model a voting institution that is
used for the collective choice problem. Generally speaking, voting is modeled
as a message game in which votes correspond to messages, and the voting rule
determines the elected candidate given the realized messages.
To fit voting into our framework, in addition to the voters i = 1, ..., N − 1, we
add an (fictitious) agent N who moves last in the game: His job is to enforce a
voting rule v by choosing a candidate according to the rule. We set Ai = {null}
for i = 1, ..., N − 1 and AN = Y , since the only payoff-relevant outcome is the
elected candidate chosen by N .
For each voter i = 1, ..., N −1, the message setMi corresponds to the set of votes
from which he can choose to cast. In other words,Mi includes the “tickable” op-
tions on i’s ballot. 8 Thus, sending a message is casting a vote. The perceptions
Pi of i capture two institutional details: 1. whether i votes simultaneously with
some other voters and 2. how votes that have been cast are disclosed to i.
The voting rule v is formally a function from vote profilesM1×...×MN−1 to can-
didates Y . For agent N who enforces v, given any vote profile (m1, ...,mN−1) he
commits to choosing candidate v(m1, ...,mN−1). N ’s perceptions PN are compat-
ible with this voting rule v. In particular, N can distinguish between two vote
profiles if and only if they lead to different candidates under v. The “if” part is
needed for the voting rule to be feasibly enforced by player N , for if player N
could not distinguish between two vote profiles that lead to distinct candidates

7A similar model is studied in Dow (1991) andWilson (2014) in which the decision maker has
limitedmemory states in each period. In effect, the model inWilson (2014) can be reformulated,
with small modifications, as an infinite-horizon extension of our model in which the decision
maker can only recall the note he took down yesterday.

8Here we consider a generalized voting institution under which the options on a ballot need
not exactly correspond to the candidates.
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under v, then he could not make the respective distinct choices. The “only if”
part is simplifying and without loss of generality, because given playerN ’s com-
mitment to the voting rule, he only needs to observe as finely as the voting rule
requires.
Henceforth, we will call the mechanisms modeling collective choice by voting
voting mechanisms and those introduced earlier non-voting mechanisms.
Both types of mechanisms can be conveniently analyzed under the same frame-
work.
Given mechanism M , voting or non-voting, we use the following notation to
denote the mechanism-specific components:
• MM

i : the set of messages available to player i 6= N .
• TM

i = MM
1 × ...×MM

i−1: the set of message histories player i may receive.
• PM

i : the perceptions of player i, which are a partition of TM
i .

• vM : the voting rule (if M is a voting mechanism).

Graph of a Mechanism

A non-voting mechanism can be depicted as a rooted tree and a partition of its
nodes. Each node of the tree represents a message history. The root is the
empty message history ∅. Two nodes (message histories) are linked if one is
extended from the other by one message, and the linking edge corresponds to
that message. The partitioning of nodes at level i, which represent message
histories received by player i, agrees with the partitioning ofM1 × ...×Mi−1 by
Pi.
Figure 1 is the graph of a non-voting mechanism. Players 1 (red) and 2 (blue)
have two messages: G and I. Player 2 (blue) cannot distinguish between mes-
sages from player 1, and player 3 (green) can only tell whether messages from
players 1 and 2 are (G,G) or not.
The graph of a voting mechanism differs from the graph of a non-voting mecha-
nism in one additional element: In the graph of a voting mechanism, each set of
nodes grouped together under PN , which corresponds to a perception of player
N , is labeled with the activity aN ∈ AN that player N is obliged to choose un-
der the voting rule v given that perception. Recall that in a voting mechanism,
playerN commits to enforce the voting rule v, and all message histories leading
to the same choice of activity under v are grouped in the same perception of
player N .
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Figure 2 is a graph of a mechanism describing a jury voting institution. The two
voters, players 1 (red) and 2 (blue), have two options on their ballots: “G(uilty)”
and “I(nnocent)”. They vote simultaneously, meaning that player 2 cannot tell
whether player 1 has voted “G” or “I”. Player 3 enforces the unanimity voting
rule, that is, to convict the defendant if unanimity on (G,G) is reached or acquit
the defendant otherwise.

Figure 1 Figure 2

Dominance Ranking

We use the notion of value to measure the performance mechanisms.
Definition. The value of mechanismM for common project (φ, F ) is the highest
(common) expected payoff achievable among all perfect Bayesian equilibria of the
game induced by M and (φ, F ).

Note that the Pareto criterion is used for equilibrium selection. Indeed, the
value is the (common) expected payoff generated in a Pareto-optimal equilib-
rium. Of course, one would question whether players actually coordinate on
a Pareto-optimal equilibrium such that the value is realized. We believe that
assuming coordination on a Pareto-optimal equilibrium is reasonable, because
the common project is of a purely cooperative nature, and in many examples,
the players are a team and share a history of cooperation.
Clearly the value of a mechanism is project-dependent—N may have a higher
value than M for one project but a lower value for another project. In this pa-
per, we are concerned with mechanism design problems in which the designer
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has no knowledge about the project parameters (φ, F )—possibly because the
mechanism is designed for multiple projects or for a project with uncertain pa-
rameters. Therefore, to compare mechanisms, we need to rely on a ranking
that does not depend on the parameters. For this purpose, we introduce the
dominance ranking as follows.
Definition. Mechanism N dominates mechanism M if the value of N is
weakly higher than the value of M for every common project (φ, F ), where φ is
any real-valued function on A×X and F is any probability function on X.

The dominance ranking is obviously reflexive and transitive. However, it could
be complete. Fortunately, we will see, in particular in Section 5, that despite
its incompleteness, this ranking does generate sharp implications for some im-
portant applications.

4 Analysis

In this section, we establish two characterizations of the dominance ranking.

The First Characterization

The first characterization is based on the set of social choice functions inducible
by a mechanism. Specifically, a pure strategy profile s under mechanism M
is said to induce social choice function scf : X → A if the outcome of the
project is scf(x) in state x provided that the players follow s.9 Let C(M ) denote
the set of social choice functions inducible in pure strategies by mechanism M .

Theorem 1. N dominates M if and only if C(M ) ⊂ C(N ).

Theorem 1 is a special case of Proposition 8 in the Appendix (Section A.2), which
asserts an analogous statement for not only the mechanisms we focus on in the
paper but any finite mechanism.
The proof is based on the observation that every strategy profile maximizing
the common expected payoff constitutes an equilibrium10, and moreover, there
is a pure strategy profile among them.
To show the “if” direction, suppose that N induces a larger set of social choice
functions in pure strategies than does M . Given any project (φ, F ), since some

9That s is a pure strategy profile implies that scf(x) is deterministic.
10This observation generalizes Theorem 1 of McLennan (1998).
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pure strategy profile of N induces the same social choice function that is in-
duced by the optimal pure strategy equilibrium under M for (φ, F ), the value
of N is at least as high as the value of M .
To show the “only if” direction, suppose that N dominates M . For any scf ∈
C(M ), we can find a common project (φ, F ) for which only scf and no other
social choice function is ex post efficient. Thus, if N has a weakly higher value
for (φ, F ), then scf must also be in S(N ).
The reader is reminded of an important message from Blackwell (1951): One
experiment is better than another experiment for every single-player decision
problem if and only if the former is “more informative”. In Blackwell (1951),
“more informative” is defined as admitting a larger set of state-to-activity con-
tingent plans. Theorem 1 thus strikes a similar note. Indeed, because of com-
mon interest, our framework can be interpreted as a dynamic decision situation
that a single player faces, as Example 4 in Section 3 illustrates. Note, however,
that the information structure induced by a mechanism is endogenously gener-
ated via the players’ choice of messages, whereas that induced by an experiment
is exogenously generated by noisy signals.
Theorem 1 also implies an algorithm to computationally verify the dominance
ranking between two mechanisms. Since the set of pure strategy profiles of any
mechanism is finite, and A and X are finite, C(M ) can be generated in finitely
many steps by enumerating all pure strategy profiles under M . Moreover, ver-
ifying the inclusion relation between C(M ) and C(N ) also incurs only finitely
many steps because both sets are finite. However, it is clear that the amount of
computational time to complete this enumerative verification procedure is un-
bounded, as the cardinality of either A or X goes to infinity. We will see that
this issue is resolved in our second characterization.

The Second Characterization

Here, we develop a “graphical” characterization of the dominance ranking: It
allows us to verify the dominance ranking between two mechanisms simply by
examining their respective graphs. This verification procedure is typically com-
putationally simpler than the verification using the first characterization, in
particular if A or X are very large sets.
The graphical characterization can be roughly stated as follows: A mechanism
N dominates another mechanism M if and only if the graph of N can be ob-
tained from the graph of M by a sequence of graphical operations, each being
of one of the following five types: (1) expanding, (2) refining, (3) trimming, (4)
relabeling, and (5) merging. Each of these operations involves adding/removing
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messages or refining/coarsening perceptions. The reader is reminded of an anal-
ogous result of Blackwell (1951), which states that the “more valuable” ranking
of experiments also has a straightforward structural characterization in terms
of the “garbling” operation.
Note that, unlike the first characterization, the graphical characterization ad-
dresses the comparison of two voting or two non-voting mechanisms, but re-
mains silent on the comparison between a voting and a non-voting mechanism.
Such a cross-breed comparison is discussed in Section 6.
Before elaborating on the graphical operations, we first introduce a useful aux-
iliary concept, the “improper mechanism”, which is the intermediate product
generated in the process of obtaining the graph of one mechanism from that of
another using the graphical operations.

Improper mechanisms

An improper mechanism has a similar structure as the (proper) mechanism
introduced in Section 3. The only difference is that, in an improper mechanism,
themessage set for a player i is message-history dependent, whereas in a proper
mechanism, the message set for player i remainsMi regardless of the message
history. Hence the improper mechanism is a generalization of the proper mech-
anism.
We extend the notation denoting components of the proper mechanism to the
improper mechanism. Fix an improper mechanism M .
• TM

i : the set of message histories player i may receive.
• PM

i : a partition of TM
i representing i’s perception.

• MM
i (h): the set ofmessages available to player i 6= N if themessage history

he receives is h.
• vM : the voting rule that maps TM

N to AN (if M is a voting mechanism.)
For a generic message history h, let hj denote the jth component of h, let h(j)
denote the first j components of h, and let |h| denote the length of h. Thus, for
any h ∈ TM

i , we have h = (h1, ..., hi−1), h(j) = (h1, ..., hj), and |h| = i− 1.
Given h ∈ TM

i , message history g ∈ TM
j where j > i is said to be a descendant

of h, and h is said to be an ancestor of g, if g is an extension of h. Clearly, if g is
a descendant of h then h = g(|h|). Moreover, if g extends h by a single message,
then h is said to be the parent of g and g is said to be a child of h. In this
case, we sometimes denote g as h×m, where m is the single message by which
g extends h.
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If distinct g and g′ are descendants of h such that (1) |g| = |g′| and (2) gj = g′j for
any j 6= |h|+1, then g and g′ are said to be h−cousins. Note that two h−cousins
only differ at the |h|th component. 11

For message history h ∈ TM
i , let PM

i (h) denote the perception p ∈ PM
i that

contains h.
For an improper mechanism M to induce a well-defined game, we impose the
following regularity conditions for any i:
C1 TM

i is nonempty. 12

C2 If h ∈ TM
i , then every ancestor of h is in TM

j for some j < i.
C3 If h ∈ TM

i , then h×m ∈ TM
i+1 if and only if m ∈MM

i (h).
C4 If PM

i (h) = PM
i (h′) for h, h′ ∈ TM

i , thenMM
i (h) = MM

i (h′).
C5 (IfM is a votingmechanism) PM

N (h) = PM
N (h′) if and only if vM (h) = vM (h′)

for any h, h′ ∈ TM
N .

C1 and C2 imply that the graph representing M is a rooted tree with N levels.
C3 implies that the tree can be generated by the function MM

i (·). C4 implies
that the message sets for player i after different message histories in the same
perception are the same. C5 reiterates the requirement that in a voting mech-
anism, the perception of player N is compatible with the voting rule.
Note that given C4, conditional on perception p ∈ Pi, player i cannot acquire
additional information about whichmessage history has obtained by examining
the set of currently available messages. Therefore, it causes no ambiguity to
defineMM

i (p) as the message set for player i conditional on p. Moreover, if M is
a voting mechanism, then for any p ∈ PM

N , vM (h) is identical for every h ∈ p by
C5. Hence, when it causes no ambiguity we simply use vM (p) to denote vM (h)
where h ∈ p. C5 also implies vM (p) 6= vM (p′) if p 6= p′.
Figure 3 shows the graph of an improper mechanism.
Given C1–C5, an improper mechanism induces a well-defined dynamic game in
which players sequentially choose activities and sendmessages. The concepts of
value and dominance ranking are naturally extended to improper mechanisms.
Thus, Theorem 1 also extends to improper mechanisms.

Proposition 1. Improper mechanism N dominates another improper mecha-
nism M if and only if C(M ) ⊂ C(N ).

11Two message histories with the same parent are also cousins by this definition.
12TM

1 is a singleton that contains the empty message.
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Figure 3

For the rest of the paper, we will no longer distinguish between improper mech-
anisms and proper mechanisms, as all results apply to improper mechanisms
and thus to proper mechanisms as a special case. The term “mechanism” will
be used to refer to either.
We are now ready to introduce the graphical operations. There are two ways
to describe an operation, one direct and the other indirect. The direct way is to
describe the procedures of the operation. The indirect way is to describe the end
product of the operation. We favor the indirect description, because in this way
the definitions are easier to formalize and verify. We also discuss the procedures
of the indirectly defined operation whenever they are not obvious.
Each operationwill be shown to improve amechanism: IfN is obtained fromM
by any of the operations, then N dominates M . Note that, as discussed above,
when twomechanisms are compared “graphically” like this, they are either both
voting mechanisms or both non-voting mechanisms.

Expanding

Expanding is the operation of giving players more messages to send.
Definition. N is obtained from M by expanding if for any i ∈ I:
E1 TM

i ⊂ TN
i .

E2 For any h, h′ ∈ TM
i , PN

i (h) = PM
i (h′) if and only if PM

i (h) = PN
i (h′).
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E3 (If M and N are voting mechanisms) vN is an extension of vM to TN
N .

E1 implies that the tree-backbone of the graph of M is embedded in that of N ,
or equivalently, N ’s tree is expanded from M ’s tree by adding more edges, i.e.,
messages. Thus, players in N have a (weakly) larger message set than they do
in M .
E2 implies that, while the tree is expanded, the partitioning of nodes already
existing in M remains the same under N . In other words, player i can distin-
guish between existing message histories h and h′ under N if and only if he can
do so under M . However, we do not impose restrictions on how players perceive
histories, including the newly added messages under N .
E3 implies that expanding does not distort the existing voting rule.
We say that M is a sub-mechanism of N if the latter is obtained from the
former by expanding. For example, the mechanism in Figure 5 is obtained from
that in Figure 4 by expanding, in particular, by making the additional message
“I” available to player 2.

Figure 4 Figure 5

Not surprisingly, expanding improves a mechanism.

Lemma 1. If N is obtained from M by expanding, then N dominates M .

Refining

Refining is the operation that refines the players’ observations of message his-
tories.
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Definition. N is obtained from M by refining if TN
i = TM

i , vN = vM (for
voting mechanisms), and PN

i is a weak refinement of PM
i for every i ∈ I.

Clearly, under N , a player observes message histories with (weakly) more pre-
cision than he does under M . For example, the mechanism in Figure 7 is ob-
tained from that in Figure 6 by refining. In particular player 2’s observation of
message histories is strictly improved.

Figure 6 Figure 7

It is clear that any strategy profile of M can be “replicated” in N to produce
the same outcome. Therefore, N dominates M by Proposition 1, as stated in
the following lemma.13

Lemma 2. If N is obtained from M by refining, then N dominates M .

Trimming

If two expressions are synonymous then one of them can be viewed as redun-
dant, because excluding that word from the vocabulary would not compromise
information transmission. This is the idea of trimming—the operation of re-
moving redundant messages from a mechanism.
Before defining trimming, it is helpful to first understand synonymity and re-
dundancy within our framework.

13This paragraph suffices as a proof.
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Definition. Given mechanism M , i 6= N and j > i, distinct messages m,m′ ∈
MM

i (h) are synonymous at h ∈ TM
i if PM

j (g) = PM
j (g′) for any h−cousins g, g′ ∈

TM
j , where gi = m and g′i = m′.

To understand the definition, regard the message history h as a “context”. In-
deed, in real life synonymity is often context-dependent. In one context, two
words are synonymous, while in another, their meanings differ. Analogously,
in a mechanism, we need to specify h to determine synonymity. In particular,
m and m′ are synonymous if player i+ 1 cannot distinguish between h×m and
h ×m′, and moreover, regardless of what message n player i + 1 sends, player
i+ 2 cannot distinguish between h×m×n and h×m′×n, and so forth for every
player who moves after. In other words, conditional on h, if player i unilaterally
deviates from sending m to sending m′ (or vice versa), no other player would
perceive the deviation.
In Figure 8, player 2’s messages “G” and “I” are synonymous at message history
(G), because player 3 cannot distinguish between (G,G) and (G, I). Similarly,
“G” and “I” are synonymous at message history (L).
If m and m′ are synonymous at every h ∈ p for some perception p ∈ PM

i , then
we that say m and m′ are synonymous at p. In this case, we say that message
m (or m′) is redundant at p.
Trimming is the operation of removing a redundant message.
Definition. N is obtained from M by trimming if there exist i 6= N , p ∈ PM

i

and m ∈MM
i (p) such that:

T1 N is a sub-mechanism of M . Moreover,
• TN

j = TM
j for any j ≤ i.

• h ∈ TM
j \TN

j implies h(i− 1) ∈ p and gi = m for any j > i.
T2 m is synonymous to some m′ ∈MM

i (p) at p under M .
By T1, N is the mechanism obtained by removing message m from player i’s
message set at p, and T2 requires that m be redundant at p. Note that only one
message—m— is removed from the message set at only one perception—p—in
a single iteration of trimming. This is assumed to simplify the definition. Of
course, multiple redundant messages can be sequentially removed with multi-
ple trimmings.
Themechanism in Figure 9 is obtained from that in Figure 8 by trimming off the
redundant message “I” from player 2’s (only) perception, as “I” is synonymous
to “G”.
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Figure 8 Figure 9

Lemma 3. If N is obtained from M by trimming, then M and N dominate
each other.

The proof is based on the observation that player i cannot use synonymous
messages m and m′ to effectively communicate different information content,
because if i unilaterally changes from sending m to sending m′, other players
cannot perceive the change and hence will not react differently.

Relabeling

Relabeling is the operation of changing message labels. Labels denote mes-
sages, but apart from notational and distinguishing functions, which are eas-
ily achieved as long as distinct messages are denoted by distinct labels, labels
matter little to information transmission. Thus, relabeling is simply a “house-
keeping” operation to unify the labeling of the two mechanisms being compared
without affecting their fundamental structures.
Definition. N is obtained from M by relabeling if for each i ∈ I, there is a
function γi : TM

i → TN
i such that:

R1 γi is a bijection.
R2 PM

i (h) = PM
i (g) if and only if PN

i (γ(h)) = PN
i (γ(g)) for any h, g ∈ TM

i .

R3 (If i 6= N ) For any p ∈ PM
i andm ∈MM

i (p), there is a message κ(m, p) such
that γi+1(h×m) = γi(h)× κ(m, p) for every h ∈ p.
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R4 (If M and N are voting mechanisms) vM (h) = vN (γN(h)) for any h ∈ TM
M .

In particular, we call (γi)i∈I the relabeling functions from M to N .
To see the relabeling procedure implied by the definition, note that by R1–R3
the graphs of M and N are isomorphic if the edges are label-less. In particular,
R3 implies that the relabeling functions preserve the parent-child relationship
between nodes. Moreover, R3 also emphasizes that edges (messages) are rela-
beled on a perception-by-perception basis, such that every edge with the same
label m issued from perception p is given the same new label κ(m, p). R2 and
R4 imply that the observation of message histories and the voting rule change
only nominally.
Relabeling is invertible. Specifically, we are able to retrieve M from N by “la-
beling back”, where “labeling back” itself is an operation of relabeling, as the
following lemma shows.

Lemma 4. If N is obtained from M by relabeling with relabeling functions
(γi)i∈I , thenM is obtained fromN by relabelingwith relabeling functions (γ−1

i )i∈I .

Figure 10 shows an example of relabeling. The mechanism in Panel (c) is ob-
tained from that in Panel (a) by relabeling, where Panel (b) shows the implied
relabeling functions. Note that both edges with the label H issuing from the
only perception of player 2 are relabeled to L, and both edges with label L is-
suing from the same perception are relabeled to H, as R3 requires that edges
with the same label issuing from the same perception be relabeled identically.

(a) (b) (c)

Figure 10

Lemma 5. If N is obtained from M by relabeling, then N and M dominate
each other.
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Merging

Merging is in spirit the reverse of refining—it coarsens observation of message
histories. The idea is that coarsening observations does not necessarily harm
a mechanism if the loss of observation is compensated by the addition of new
messages.
It is helpful to first consider an example that illustrates this idea. Suppose that
there are three players. Player 3 is an uninformed decision maker who needs
to choose from {A,B}, and players 1 and 2 are a partially informed experts who
each independently observe a private signal xi, i = 1, 2 drawn from [0, 1]. Option
A is optimal if and only if x1 > 0.5 and x2 > 0.3 or if x1 ≤ 0.5 and x2 > 0.7.
Otherwise, B is optimal.
Consider mechanism M in Figure 11(a). The first-best outcome can be achieved
under the following strategy profile s ∈ S(M ):
• Player 1: m1 = H if and only if x1 > 0.5.
• Player 2:

– Conditional on m1 = H: m2 = H if and only if x2 > 0.3.
– Conditional on m1 = L: m2 = H if and only if x2 > 0.7.

• Player 3 chooses A if and only if m2 = H.
The strategy profile is depicted in Figure 11(b).

(a) M (b) s

Figure 11

One important feature of s is that player 2’s threshold for sending H versus L
depends on m1, which appears to require that player 2 be able to observe m1.
However, in fact, the first-best outcome can be implemented even if player 2 does
not observe m1, as in mechanism N in in Figure 12(a). The strategy profile
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s′ ∈ S(N ), depicted in Figure 12(b), also induces the first-best choice.

(a) N (b) s′

Figure 12

To have a better understanding of the example, observe that player 2’s role in
the project is to help player 3 with partitioning the state space X1 × X2 in the
optimal way. On the one hand, as in M , being able to observem1 can be helpful
because player 2 can then use a contingent reporting strategy as in s to partition
X2 conditional onX1. On the other hand, as inN , having an additionalmessage
to choose from is helpful, because player 2 can partition X2 more finely. In this
example, we coarsen player 2’s observation but in the mean time compensate
for that by giving him more messages to choose from, which restores the loss of
flexibility in communication due to coarsening.
Now we introduce the exact procedure for merging. Merging perceptions p and
q of player i in a mechanism M is achieved by the following steps.

Step 1 If |MM
i (p)| 6= |MM

i (q)|, then expand M to M̃ such that

• MM̃
i (p) = MM̃

i (q) = MM
i (q) ∪MM

i (q).
• Every message added to p by the expansion is synonymous to an ex-
isting message in MM

i (p) at p. The situation is analogous for every
message added to q.

Step 2 Expand M̃ further to M̂ such that for each pair of distinct messages
(m,m′) ∈MM̃

i (p)×MM̃
i (q), there is a new message n(m,m′) added to both

p and q, such that n(m,m′) is synonymous to m at p, and is synonymous to
m′ at q.

Step 3 Merge p and q into one perception—p ∪ q.
The purpose of step 1 is to ensure that after merging, the message set at every
h ∈ p∪q is the same, as is required for the end product to qualify as an (improper)
mechanism. Although step 1 expands the original mechanism, only redundant
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messages are added, and thus, the mechanism is not fundamentally changed in
this “house-keeping” step.
Step 2 is the step that adds new messages that will eventually compensate for
the loss due to observation coarsening. These new messages are redundant at
the end of step 2, but they will no longer be redundant after the merging of p
and q.
Step 3 finally merges p and q.
Figure 13 illustrates the procedure using the example above. Panel (a) is the
original mechanism. The two perceptions {H} and {L} of player 2 are to be
merged. Step 1 is not necessary because the message sets at both perceptions
are already identical. Panel (b) is the end product of step 2, which results from
the addition of the redundant message “M” to both perceptions, where “M” is
set to be synonymous to “H” at perception {H} and to “L” at perception {L}.
Panel (c) is the end product of step 3, that is, merging the two perceptions.

(a) (b) (c)

Figure 13

Note that merging only applies to a player i such that Ai = {null}. If, however,
|Ai| ≥ 2, then it is easy to construct a project given which player i needs more
precise observation of message histories to improve the quality of his own choice
of activity, which cannot be helped by him having additional messages to choose
from.
The formal definition of merging is stated in terms of the end-product instead
of the constructive process.
Definition. N is obtained from M by merging if there exist i ∈ I, where
Ai = {null}, p, q ∈ PM

i , and a one-to-one mapping n : MM
i (p) ×MM

i (q) → M̂ ,
where M̂ is a message set disjoint fromMM

i (p)×MM
i (q), such that for any j ∈ I:

M1 h ∈ TN
j if and only if one of the following is true:

(a) j ≤ i and h ∈ TM
j

24



(b) j > i, h ∈ TM
j and h(i− 1) /∈ p ∪ q.

(c) j > i, h(i− 1) ∈ p ∪ q, and hi ∈MM
i (p) ∪MM

i (q) ∪ M̂.

M2 For any h, h′ ∈ TM
j :

(a) If h, h′ /∈ p ∪ q: PN
j (h) = PN

j (h′) if and only if PM
j (h) = PM

j (h′).
(b) If h, h′ ∈ p ∪ q: PN

j (h) = PN
j (h′).

M3 For any h ∈ TN
j \TM

j :
(a) If hi ∈ MM

i (p) ∪MM
i (q): PN

j (h) = PN
j (h′) for some h′ ∈ TM

j , where h′
differs from h only in the ith message.

(b) If h(i−1) ∈ p and hi = n(m,m′) for (m,m′) ∈MM
i (p)×MM

i (q): PN
j (h) =

PN
j (h′), where h′ differs from h only in the ith message, and moreover,
h′i = m.

(c) If h(i−1) ∈ q and hi = n(m,m′) for (m,m′) ∈MM
i (p)×MM

i (q): PN
j (h) =

PN
j (h′), where h′ differs from h only in the ith message, and moreover,
h′i = m′.

M4 (If M and N are voting mechanisms) vN is an extension of vM to TN
N .

Let us first verify that the definition indeed reflects the procedure of merging.
M1 says that the tree-backbone of N is expanded from that of M by giving
player i additional messages, such that at each h ∈ p ∪ q, the message set is
enlarged toMM

i (p)×MM
i (q)× M̂ . This corresponds to steps 1 and 2.

M2 says that observation of message histories existing in M remains the same
inN , except that p and q aremerged into the same perception. This corresponds
to step 3.
M3(a) says that redundant messages fromMM

i (p) ∪MM
i (q) are added to nodes

p ∪ q, which satisfies the requirement in step 1.
M3(b) and M3(c) say that messages from the new message set M̂ are added to
nodes in p ∪ q in such a way that m̂ = n(m,m′) ∈ M̂ is set to be synonymous to
m at p or synonymous to m′ at q, which satisfies the requirement in step 2.
M4 ensures that the voting rule is not disrupted after merging.

Lemma 6. If N is obtained from M by merging, then N and M dominate each
other.
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The second characterization

With all five operations introduced, we are ready to state the second character-
ization of the dominance ranking.

Theorem 2. Given two mechanisms M and N :

1. N dominates M if N is obtained from M by a sequence of operations of
expanding, refining, trimming, relabeling and merging.

2. There are constants t1, ..., tN−1 such that if |Xi| > ti for every i 6= N , then N
dominates M only if N is obtained from M by a sequence of operations of
expanding, refining, trimming, relabeling and merging.

Part 1, the “if” direction, of the theorem is an immediate consequence of Lem-
mas 1, 2, 3, 5 and 6.
The proof of Part 2, the “only if” direction, can be broken into the following
steps. First, it is clear that after iteratively applying merging to M , we can
obtain some L such that |PL

i | = 1 for any i 6= N , where Ai = {null}. If |Xi| is
sufficiently large for each i, there is a strategy profile s ∈ S(L ) such that every
non-redundant message in L is utilized. Moreover, anymechanism N that can
induce ααα(·|s) in pure strategies must embed the relabeled version of L ’s non-
redundant backbone J as its sub-mechanism. J is shown to be obtained from
L by refining and trimming. Since the relabeled version of J is embedded in
N , N can be obtained from J by relabeling and expanding.
If the state space is not rich enough, that is, if |Xi| < ti for some i ∈ I, then Part
2 of Theorem 2 need not be true. Indeed, if |Xi| is sufficiently small for every
i ∈ I, then M and N may both accommodate precise communication, despite
that one may not be obtainable from the other by these operations. We will
discuss this richness requirement in greater detail in Section 6 .

5 Applications

Optimal Voting

In Section 3, we discussed how to use a voting mechanism to model collective
choice by voting. In particular, each “tickable” option on the ballot is modeled
as a message; the voting procedure (sequential, simultaneous, or partially se-
quential), the disclosure policy of previously cast votes, and the voting rule are
modeled using perceptions. In this application, we show that our results can be
applied to find the optimal voting institution.
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To simplify the application somewhat, we restrict our attention to mechanisms
such thatMi = Y for i = 1, ..., N − 1, where Y is the set of all candidates. There-
fore, each option on the ballot corresponds to a distinct candidate. Requiring
the ballot options to correspond to the candidates can be thought of as a restric-
tion due to institutional convention. Indeed, in real life, we rarely see voting
institutions that deviate from this convention. Let V denote the set of all such
voting mechanisms.

Proposition 2. Let N ∈ V be a mechanism where

1. Every p ∈ PN
i is a singleton for i 6= N .

2. vN (h) = hN−1 for every message history h.

Every M ∈ V is dominated by N .

The proof is done by showing that N can be obtained from any M ∈ V by
refining, trimming and expanding. Note that Proposition 2 implies that the
optimal voting institution has a particular structure:
• Strictly sequential procedure.
• Full-disclosure policy.
• A dictatorial rule under which the last voter de facto makes the collective
choice.

To see this implication, note that if every player perfectly perceives the vote
(message) history from those whose index is lower than his, then clearly there
is no simultaneous voting, and moreover, past votes are fully disclosed. More-
over, if the voting rule always chooses the candidate that is the same as what
is indicated on the ballot of player N − 1 (the last voter), player N − 1 is indeed
the de facto dictator.
It is obvious that a voting mechanism with a sequential procedure and full-
disclosure policy is superior, because a later voter is then better informed of
earlier voters’ private information, which can be complementary to his own in-
formation. The fact that the optimal mechanism gives all the choice authority
to the last voter may appear less straightforward. The intuition is as follows: If,
on the contrary, the last voter is not pivotal in a certain circumstance, then his
private information is effectively ignored by the voting rule (within our frame-
work, this is equivalent to one of his messages being redundant and hence not
fully utilized for information transmission), which compromises efficiency be-
cause that information could be useful to make the collective choice. Therefore,
the last voter should always be pivotal. In other words, the institution is not
different from the arrangement in which all earlier voters serve as consultants
and the last voter as the de facto dictator. Common interest ensures that the
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dictator is benevolent.

Marginal Benefit of Complexity

In this application, we analyze whether a “more complex” mechanism is always
strictly better.
A mechanism offers two types of “instruments” that facilitate communication:
messages to send to other players and observations of messages from other play-
ers. A more-complex mechanism gives the players larger message sets and finer
observations. Lemmas 1 and 2 imply that a more-complex mechanism weakly
outperforms a less-complex mechanism in terms of dominance. One would then
naturally ask, can we further establish strict outperformance? This question is
especially relevant when complexity comes at a cost. For example, a larger mes-
sage set may entail more resources used on encoding and decoding information.
Finer observation may entail more resources used on data storage or an orga-
nization with more hierarchy.
Following the perspective of the previous paragraph, the complexity of mecha-
nism M has two dimensions: One concerns the sizes of message sets and the
other the fineness of observations (perceptions). A straightforward measure of
the message-complexity of a mechanism M is thus the vector (|MM

1 |, ..., |MM
N−1|).

As for perception-complexity, we use the vector (|PM
1 |, ..., |PM

N |) to measure.
We ask two questions:

1. Whether increasing the perception-complexity of amechanismwhile keep-
ing the message-complexity fixed leads to a strictly better mechanism in
terms of dominance.

2. Whether increasing the message-complexity of a mechanism while keep-
ing the perception-complexity fixed leads to a strictly better mechanism in
terms of dominance.

The first question can be thought of as concerning the situation in which mes-
sages are costly to provide, while perceptions are relatively cheap, meaning that
it is worthwhile to increase the number of perceptions as long as it strictly im-
proves the mechanism. The second question can be thought of as concerning
the situation in which perceptions (or memories) are costly but messages are
cheap.
For the rest of the subsection, we assume that |Xi| is very large for each i ∈ I,
that is, it is arbitrarily close to∞, meaning that the lower bound requirement
on |Xi| in Part 2 of Theorem 2 is satisfied for any mechanism we consider. More-
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over, assume that every player has a non-null activity set. The assumptions are
important to the results of the present subsection.
The answer to the first question is affirmative.

Proposition 3. Any mechanism M where |PM
i | < |TM

i | for some i ∈ I is strictly
dominated by some mechanism N where

1. |MN
i | = |MM

i | for any i 6= N .

2. |PN
i | ≥ |PM

i | for any i ∈ I where the inequality is strict for some i.

The proof is based on the observation that if |PN
i | > |PM

i | for some i, then N is
not dominated by M , because no operation of expanding, refining, trimming, or
relabeling can decrease the number of perceptions of i. Although merging can
decrease the number of perception for a player, the operation is not applicable
because we assume that every player’s activity set is not the null set. Thus,
if player i’s observation of received message histories is not perfect under PM

i

(as implied by |PM
i | < |TM

i |), then refining M by strictly refining PM
i strictly

improves the mechanism.
The answer to the second question is also affirmative if themechanism is “mildly”
complex.

Proposition 4. Suppose that N ≥ 3. Any mechanism M where |PM
i+1| ≥ 2 for

some i ≥ 2 is strictly dominated by some mechanism N where

1. |PN
j | = |PM

j | for any j ∈ I.

2. |MN
j | ≥ |MM

j | for any j < N where the inequality is strict for some j.

The result may not seem surprising at first sight, but let us illustrate a concern
that would suggest that additional messages might be of no additional value.
Suppose that there are only two players: the speaker and the listener. The lis-
tener has two perceptions. Clearly, if there are already two messages available
to the speaker, any additional message will be redundant because it will be syn-
onymous to one of the existing messages. This example, which shows that the
decision maker (the listener) is not able to make use of more data (messages)
because of the constraints on his data-processing capacity (the number of per-
ceptions), reflects a prominent phenomenon, termed data overload, in many
real-life situations.
Since a mechanism may face stringent message-processing constraints due to
limited perceptions, it is natural to expect that data overload will eventually
occur, in particular when the existing message-complexity is already very high.
However, Proposition 4 implies that even if there is only one player that hasmul-
tiple perceptions, data overload can still be avoided regardless of the message-

29



complexity of the existing mechanism. That there are more than two players
within the mechanism is crucial for this result. Indeed, if there are only two
players, then data overload will eventually occur, as in the speaker-listener ex-
ample. However, if there are more than two players, it is possible to simul-
taneously enlarge the message sets for multiple players and carefully arrange
how other players perceive message histories containing these newly introduced
messages, such that no additional redundancy is created by the modification.

6 Discussion

Size of the State Space

Part 2 of Theorem 2 may not hold if the richness requirement that |Xi| > ti
fails. The proof of the theorem demonstrates that ti depends onM . One natural
question is whether there is an expression for either the lower or upper bound
of ti in terms of the primitives of M . The expression for a tight lower bound
can be quite complicated for a generic mechanism. The expression for an upper
bound (not necessarily tight) is relatively simple to write.

Proposition 5. ti ≤ max{ψi, log |PM
i |

log |Ai| } where

• ψ1 = |MM
1 |, ψN = 0.

• For any i ∈ {2, ..., N − 1},

– ψi = |MM
i | if Ai 6= {null}.

– ψi = |MM
i ||M

M
1 ||MM

2 |...|MM
i−1| if Ai = {null}.

The upper bound on ti given in Proposition 5 could be quite large, in particular
if Ai = {null} and player i is a late mover in the mechanism. This concern could
compromise the applicability of Theorem 2. However, note the following: (1) The
upper bound is not tight. It is derived from the particular construction we used
to prove Theorem 2, which is not necessarily the only sequence of operations in
which a dominatingmechanismmay be obtained from a dominatedmechanism.
Other sequences could give rise to a tighter bound. (2) The upper bound is
reasonably low for a player whose activity set is not the null set. (3) In the case
in which Xi is a continuum14 as many economic models focus on, Theorem 2 is
applicable as long as the message sets are finite, because the upper bound is
finite.

14Although in this paper we assume that |Xi| is finite for simplicity, all the results could be
extended to the case in which |Xi| is infinite with minor technical revisions.
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Richness of the Project Domain

The dominance ranking defined in the paper is built on the implicit assumption
that amechanismmay need to handle any project with positive probability. This
assumption of a universal project domain is certainly very strong. It is thus
worthwhile to ask whether our results would still hold for a less-rich project
domain.
Suppose that the project domain Π is not necessarily the universal project do-
main, and dominance is defined only with respect to projects in Π. We will show
that the following “richness” condition on Π is sufficient for the two characteri-
zation results to remain valid. Recall that S(M ) is the set of all pure strategy
profiles under M , and C(M ) is the set of all social choice functions inducible by
some s ∈ S(M ).
RC For every scf ∈ C(M ), there exists (φ, F ) ∈ Π such that a∗ = scf(x) is the

unique maximizer of φ(a, x).

Proposition 6. Fix project domain Π and two mechanisms M and N . If RC
holds, then Theorems 1 and 2 hold.

The proof of Proposition 6 is based on several observations from the proofs of
Theorem 1 and Theorem 2. First, based on the proof of Theorem 2, we observe
that Theorem 1 is sufficient for Theorem 2. Moreover the “if” part of Theorem
1 is clearly true for any project domain. Finally, based on the proof of Theorem
1, we observe that RC is sufficient for the “only if” part of Theorem 1.
It is notable that RC depends only on the dominated mechanism M , not on the
dominating mechanism N .

Voting vs. Non-voting

In addition to voting, a collective choice problem can also be solved by a non-
voting mechanism. Indeed, the problem faced by the centralized firm in Exam-
ple 2 in Section 3 is also a collective choice problem, but instead of using voting
to determine the production plan, decision power is delegated to the headquar-
ters. Hence, it is meaningful to compare voting to non-voting mechanisms when
both types of mechanisms are available. However, Theorem 2 remains silent on
such a cross-breed comparison.15 We fill this gap in this section.
Since in a voting mechanism player N is no more than an enforcer of the voting
rule, his private information, if any, cannot be incorporated into the collective

15However, Theorem 1 covers this case.
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choice. Therefore, in general, no votingmechanism could dominate a non-voting
mechanism, because under the latter, the collective choice can depend on player
N ’s private information. To make the comparison meaningful, we hence impose
the additional assumption that XN is a singleton (effectively no private infor-
mation for N ). Given this assumption, it follows that comparing a voting to a
non-voting mechanism can be transformed into a comparison between voting
mechanisms.
Suppose that M is a non-voting mechanism. LetWM := {w : PM

N → AN} be the
set of all pure strategies for playerN . Clearly, any w ∈ WM implies a voting rule
vw : TM

N → AN , where vw(h) = w(PM
N (h)). That is, if player N follows strategy

w, it appears as if he is following voting rule vw.
For each w ∈ WM , let M (w) be a voting mechanism such that

• TM (w)
i = TM

i for any i ∈ I.

• PM (w)
i = PM

i for any i 6= N .

• PM (w)
N = {v−1

w (aN) : aN ∈ AN} where v−1
w is the inverse mapping of vw.

• vM (w) = vw.
M (w) is the implied voting mechanism if player N follows strategy w in the
sense that given any realized message history h ∈ TM

N = T
M (w)
N , following voting

rule vw under M (w) leads to the same outcome as following strategy w under
M . It is then easy to verify that C(M ) = ∪w∈WMC(M (w)). In other words, the
capacity of a non-voting mechanism M is the same as the combined capacity of
all voting mechanisms M (w) whose voting rule vw can be replicated in M . The
following result is based on this idea.

Proposition 7. Fix a non-voting mechanism M and a voting mechanism N .

1. N dominates M if and only if N dominates M (w) for every w ∈ WM .

2. M dominates N if there exists w ∈ WM such that M (w) dominates N .
Moreover there are constants ti, i = 1, ..., N−1 such that if |Xi| > ti for every
i 6= N , then M dominates N only if there exists w ∈ WM such that M (w)
dominates N .

Part 2 of Proposition 7 may fail to hold if |Xi| is not sufficiently large. For ex-
ample, suppose that there are two players, and moreover, |X1| = 2 and A2 =
{A,B,C}. The non-voting mechanism M in Figure 14 obviously (weakly) dom-
inates the voting mechanism in Figure 15, although there is no w ∈ WM such
that M (w) dominates N .
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Figure 14: M Figure 15: N

Generalizing the Mechanism

It is not difficult to generalize the class of mechanisms we study in the paper.
A more general model would allow the following:
• Players have multiple chances to send messages; thus the mechanism has
an interactive “conversation” like structure.
• For a player, choosing an activity takes place at a different time from send-
ing a message.
• Players may move in different orders across mechanisms.
• The activity chosen by a player may be (imperfectly) observable by later
movers.

Theorem 1 will continue to hold because its proof does not rely on any structural
characteristic of the mechanisms. A “graphical” result analogous to Theorem 2
is also likely to exist, although it could be complicated since the structure of a
general mechanism as described above is much more complex.

Relaxing Common Interest

That players have a common interest is an important assumption in our paper.
After relaxing this assumption, the analysis will still hold if there is no conflict
of interest—for example, if player i’s utility function depends on the state x and
his own activity ai. In this case, providing information to other players does not
help oneself but is not harmful either.
The presence of a conflict of interest can significantly change the analysis. First,
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a ranking of mechanisms based on Pareto optimality such as the dominance
ranking is likely to be very incomplete. Even if a meaningful ranking is pro-
posed, the logic of the main results in the paper would still fail to hold, because
incentive constraints and communication constraints can interact in a compli-
cated way. For example, expanding could still improve a mechanism by enlarg-
ing the set of admissible equilibria. However, refining could shrink the set of
admissible equilibria and hence impair a mechanism, because better observa-
tion of other players’ messages introduces additional incentive constraints.
However, if it is possible to establish that in a mechanism design problem (not
necessarily Pareto-optimality oriented) communication constraints and incen-
tive constraints do not interact, then the main results in the paper would still
carry through despite the conflict of interest. In particular, if relaxing com-
munication constraints (and, hence, allowing more inducible social choice func-
tions) does not impose additional incentive constraints, then Theorem 1 still
holds, that is, a more versatile mechanism is always (weakly) better if the de-
signer can select an equilibrium. Moreover, since Theorem 2 is essentially a
characterization of when a mechanism is more versatile than another, it also
holds. This observation in spirit agrees with the implication of Section VI of
Mookherjee and Tsumagari (2014), because Proposition 2 of their paper shows
that in that environment, communication constraints and incentive constraints
are indeed independent.
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A Appendix

A.1 Notation for Proofs of Results in Section 4

Introduce the following notation for the game induced by M , where M can
either be a mechanism or an improper mechanism. The notation will be used
throughout the Appendix for the proofs of results in Section 4.
• S(M ): the set of all pure strategy profiles of the game induced by M .
• (xi, p): a typical information set of player i, where xi is his private infor-
mation about the state, and p is his perception that contains the message
history he has received.
• For s ∈ S(M ), i ∈ I and x = (x1, ..., xN) ∈ X,

ai(xi, p|s): i’s choice of activity under s in (xi, p).
mi(xi, p|s): (if i 6= N ) i’s choice of message under s in (xi, p).
ρi(x|s) : the message history i receives conditional on x and s.
αi(x|s) : the activity i takes conditional on x and s.
ααα(·|s) = (αi(·|s))i∈I : the social choice function s induces.
µi(x|s) : the message i sends conditional on x and s.
ρj(x|s, i, h,mi): the message history that player j > i receives condi-
tional on (1) every player after i follows s, (2) player i receives message
history h, (3) player i sends message mi.

The following equalities hold by definition:

αi(x|s) = ai

(
xi, P

M
i (ρi(x|s))|s

)
,

µi(x|s) = mi

(
xi, P

M
i (ρi(x|s))|s

)
,

ρi+1(x|s) = ρi(x|s)× µi(x|s).

A.2 Proof of Theorem 1

We prove a more general result which implies Theorem 1 as a corollary.
Given a common project with state space X, outcome space A, utility function
φ and distribution function F , it is straightforward to extend the definition of
value to any mechanism Γ whose set of outcomes is a subset of A. Then we can
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also extend the definition of dominance: Mechanism Γ′ dominates mechanism
Γ if the value of Γ′ is weakly higher than the value of Γ for any common project
(φ, F ).
Fix a mechanism Γ. Let S(Γ) denote the set of all pure strategy profiles of Γ.
Let C(Γ) denote the set of all social choice functions inducible by a pure strategy
profile of Γ. For s ∈ S(Γ) let v(s|Γ, φ, F ) denote the common expected payoff
achieved by s in the game induced by Γ and (φ, F ). Let V (Γ, φ, F ) denote the
value of Γ for (φ, F ).
First we show a lemma.

Lemma 7. V (Γ, φ, F ) = maxs∈S(Γ) v(s|Γ, φ, F ) for any finite mechanism Γ and
common project (φ, F ).

Proof: Fix Γ and (φ, F ). Let Σ(Γ) denote the set of all (not necessarily pure)
strategy profiles of Γ. For ε ∈ (0, ε) where ε is sufficiently small let Γ(ε) denote
the perturbed version of Γ such that whenever a player chooses either an activity
or a message, his intended choice will realize with probability 1− (n−1)ε where
n is the total number of alternatives (activities or messages) available at this
point, and each of the other n− 1 alternatives will realize with probability ε.
For any σ ∈ Σ(Γ) let w(σ, ε) denote the common expected payoff achieved by
σ in Γ(ε). Fix ε ∈ (0, ε). Note that argmaxσ∈Σ(Γ)w(σ, ε) is nonempty because
Σ(Γ) is compact and w(·, ε) is continuous in its first argument. Choose σ̂ ∈
argmaxσ∈Σw(σ, ε). Let β̂ denote the belief system derived from σ̂ using Bayes’
rule in Γ(ε).
Suppose there is an information set K of player i such that under σ̂ player i is
not best responding inK. Thus i finds it profitable to deviate to some strategy σ′i
whenK is reached. Let σ′ denote the strategy profile under which i unilaterally
deviates to σ′i in K. Clearly i’s expected payoff under σ′ in Γ(ε) is strictly higher
than that under σ̂ because K is reached with strictly positive probability, im-
plying w(σ′, ε) > w(σ̂, ε), contradicting the choice of σ̂. We have thus established
that (σ̂, β̂) is a perfect Bayesian equilibrium of Γ(ε).
Let σ0 := σ̂. For each i = 1, ..., N construct strategy profile σi such that for
player i, σi prescribes a pure strategy that is in the support of the (possibly
mixed) strategy taken by player i under σi−1, whereas for other players σi and
σi−1 agree. We have already shown σ0 constitutes a perfect Bayesian equilib-
rium. Therefore player 1 is indifferent between all pure strategies in the support
his (possibly mixed) strategy under σ0, and hence w(σ1, ε) = w(σ0, ε). Applying
this argument iteratively on i and we conclude w(σN , ε) = w(σN−1, ε) = ... =
w(σ0, ε). Thus w(σN , ε) = maxσ∈Σ(Γ)w(σ, ε), implying σN also constitutes a per-
fect Bayesian equilibrium of Γ(ε). By construction σN is a pure strategy profile.
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Thus we have maxs∈S(Γ)w(s, ε) = maxσ∈Σ(Γ)w(σ, ε).
Note that for any σ, w(σ, ε) is a polynomial function of ε of finite degrees. Since
S(Γ) is finite, for some η > 0 there is s∗ ∈ S(Γ) such thatw(s∗, ε) = maxs∈S(Γ)w(s, ε)
for any ε < η. It follows that s∗ ∈ argmaxσ∈Σ(Γ)w(σ, ε) if ε < η. Let β∗(ε) be the
belief system derived from s∗ using Bayes’ rule in Γ(ε). s∗ ∈ argmaxσ∈Σ(Γ)w(σ, ε)
implies (s∗, β∗(ε)) is a perfect Bayesian equilibrium of Γ(ε) by the argument de-
veloped in the second and third paragraphs of the proof. Note that β∗(ε) is
continuous in ε and thus β∗ = limε→0 β

∗(ε) exists. Clearly (s∗, β∗) is a perfect
Bayesian equilibrium of the unperturbed game. Suppose there is σ̃ ∈ Σ(Γ)
such that v(σ̃|Γ, φ, F ) > v(s∗|Γ, φ, F ). Since limε→0w(σ, ε) = v(σ|Γ, φ, F ) for any σ,
there is some η̃ > 0 such that w(σ̃, ε) > w(s∗, ε) for any ε < η̃, contradicting that
s∗ ∈ argmaxσ∈Σ(Γ)w(σ, ε) for any ε < η. Hence s∗ ∈ argmaxs∈Σ(Γ)v(s|Γ, φ, F ). It
follows that V (Γ, φ, F ) = v(s∗|Γ, φ, F ) = maxs∈S(Γ) v(s|Γ, φ, F ). �

Proposition 8. If Γ′ and Γ are finite mechanisms then Γ′ dominates Γ if and
only if C(Γ) ⊂ C(Γ′).

Proof: If: SupposeC(Γ) ⊂ C(Γ′). Fix (φ, F ) and choose s ∈ argmaxS(Γ)v(s|Γ, φ, F ).
By assumption there is s′ ∈ S(Γ′) such that ααα(·|s′) = ααα(·|s). It follows that

v(s′|Γ′, φ, F ) =
∑
x∈X

F (x)φ(ααα(x|s′), x) =
∑
x∈X

F (x)φ(ααα(x|s), x) = v(s|Γ, φ, F ).

By Lemma 7, V (Γ′, φ, F ) ≥ v(s′|Γ′, φ, F ) = v(s|Γ, φ, F ) = V (Γ, φ, F ), implying that
Γ′ dominates Γ because (φ, F ) is arbitrarily chosen.
Only if: Suppose Γ′ dominates Γ. Choose any s ∈ S(Γ). Construct φ such
that φ(a, x) = 1 if a = ααα(x|s) and φ(a, x) = 0 otherwise. Choose F that is strictly
positive for every x ∈ X. Clearly v(s|Γ, φ, F ) = 1. By Lemma 7, that Γ′ dominates
Γ implies

max
s∈S(Γ′)

v(s|Γ′, φ, F ) ≥ max
s∈S(Γ)

v(s|Γ, φ, F ) = 1,

which in turn implies there is s′ ∈ S(Γ′) such that v(s′|Γ′, φ, F ) ≥ 1. If ααα(y|s′) 6=
ααα(y|s) for some y ∈ X then

v(s′|Γ′, φ, F ) =
∑
x∈X

F (x)φ(ααα(x|s′), x) ≤ 1− F (y) < 1,

a contradiction. Thus ααα(x|s′) = ααα(x|s) for any x ∈ X, implying C(Γ) ⊂ C(Γ′)
because s is arbitrarily chosen. �
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A.3 Proof of Lemma 1

Proof. Suppose N is obtained from M by expanding. By E2, for any i ∈ I and
p ∈ PN

i where p ∩ TM
i 6= there is unique τ(p) ∈ PM

i such that τ(p) = p ∩ TM
i .

Pick any s ∈ S(M ). Construct s′ ∈ S(N ) such that for any i ∈ I, xi ∈ Xi and
p ∈ PN

i where p ∩ TM
i 6= ,

ai(xi, p|s′) = ai(xi, τ(p)|s),
(if i 6= N ) mi(xi, p|s′) = mi(xi, τ(p)|s).

We first verify that s′ is well defined. For any p ∈ PN
i where p ∩ TM

i 6= , we
havemi(xi, p|s′) = mi(xi, τ(p)|s) ∈MM

i (τ(p)), hencemi(xi, p|s′) ∈MN
i (p) because

MM
i (τ(p)) ⊂ MN

i (p) by E1. Thus s′ does not require any player to use unavail-
able messages. Also, if M and N are voting mechanisms, then E3 implies
vN (p) = vM (τ(p)) and hence aN(xN , p|s′) = aN(xN , τ(p)|s) = vM (τ(p)) = vN (p).
Thus player N ’s activity under s′ is compatible with vN .
Pick any x = (x1, ..., xN) ∈ X. Clearly ρ1(x|s′) = ρ1(x|s) = the empty sequence.
Suppose ρi(x|s′) = ρi(x|s) for every i ≤ k for some k ≥ 1. Then ρk(x|s) = ρk(x|s′) ∈
PN
k (ρk(x|s′)) implies PN

k (ρk(x|s′)) ∩ TM
k 6= . Thus

µk(x|s′) = mk

(
xk, P

N
k (ρk(x|s′))

∣∣∣s′) = mk

(
xk, τ(PN

k (ρk(x|s′)))
∣∣∣s)

= mk

(
xk, P

M
k (ρk(x|s′))

∣∣∣s) = mk

(
xk, P

M
k (ρk(x|s))

∣∣∣s) = µk(x|s).

It follows that ρk+1(x|s′) = ρk(x|s′)×µk(x|s′) = ρk(x|s)×µk(x|s) = ρk+1(x|s). Thus
ρi(x|s′) = ρi(x|s) for any i ∈ I, implying

αi(x|s′) = ai

(
xi, P

N
i (ρi(x|s′))

∣∣∣s′) = ai

(
xi, τ(PN

i (ρi(x|s′)))
∣∣∣s)

= ai

(
xi, P

M
i (ρi(x|s′))

∣∣∣s) = ai

(
xi, P

M
i (ρi(x|s))

∣∣∣s) = αi(x|s).

Thus ααα(·|s′) = ααα(·|s), implying C(M ) ⊂ C(N ) since s is arbitrarily chosen. The
lemma then follows immediately from Proposition 1. �

A.4 Proof of Lemma 3

We first show two useful results for the proof of Lemma 3.

Lemma 8. Fix a mechanism M . For any i 6= N and h ∈ TM
i , if mi,m

′
i ∈MM

i (h)

are synonymous at h, then PM
j

(
ρj(x|s, i, h,mi)

)
= PM

j

(
ρj(x|s, i, h,m′i)

)
for any
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j > i, x ∈ X and s ∈ S(M ).

Proof. Choose any x = (x1, ..., xN) ∈ X, s ∈ S(M ), i 6= N , h ∈ TM
i and mi,m

′
i ∈

MM
i (h) such that mi and m′i are synonymous at h. For any j > i denote gj =

ρj(x|s, i, h,mi) and f j = ρj(x|s, i, h,m′i).
Clearly gi+1 = h×mi and f i+1 = h×m′i. Thus gi+1 and f i+1 are h-cousins where
gi+1
i = mi and f i+1

i = m′i. It follows by synonymity that PM
i+1(gi+1) = PM

i+1(f i+1).

Suppose gj and f j are h-cousins and moreover gji = mi and f ji = m′i for any j ≤ k
for some k ≥ i + 1. Thus by synonymity we have PM

k (gk) = PM
k (fk). Note that

gk+1 = gk×mk

(
xk, P

M
k (gk)

∣∣∣s) and fk+1 = fk×mk

(
xk, P

M
k (fk)

∣∣∣s). Thus PM
k (gk) =

PM
k (fk) implies the last components of gk+1 and fk+1 are identical, and hence
gk+1 and fk+1 are h-cousins where gk+1

i = mi and fk+1
i = m′i by the inductive

hypothesis. Hence PM
k+1(gk+1) = PM

k+1(fk+1) by synonymity. The present lemma
follows by induction.�

Lemma 9. If N is obtained from M by trimming off the redundant message
mi ∈MM

i (p) for some p ∈ PM
i for some i 6= N , then for any j < N and q ∈ PN

j :

1. There is ζ(q) ∈ PM
j such that q ⊂ ζ(q).

2. If ζ(q) 6= p thenMN
j (q) = MM

j (ζ(q)).

3. If ζ(q) = p thenMN
j (q) = MM

j (q)\{mi}.

Moreover, |PN
j | = |PM

j | for any j ∈ I.

Proof. Part 1 follows from T1 immediately.
To show Parts 2 and 3, choose any j < N and q ∈ PN

j . Note that MN
j (q) ⊂

MM
j (ζ(q)) by T1. If ζ(q) 6= p then for any h ∈ q and m̂j ∈ MM

j (h) we have
h × m̂j ∈ TN

j+1 by T1, implying Part 2. If ζ(q) = p then j = i. Note that for any
h ∈ q and m̂i ∈ MM

i (h) we have h × m̂i ∈ TN
i+1 if and only if m̂i 6= mi by T1,

implying Part 3.
Pick any j ∈ I. If j ≤ i then TN

j = TM
j and thus PN

j = PM
j by T1. If j > i then

|PN
j | ≤ |PM

j | by T1. Suppose |PN
j | < |PM

j |, then there is some p̂ ∈ PM
j such that

h /∈ TN
j for every h ∈ p̂. Choose any h ∈ p̂. It follows by T1 that h(i− 1) ∈ p and

hi = mi. It then follows by T2 that there exists some h′ ∈ p̂ such that h′(i−1) ∈ p
and h′i = m′i wherem′i is a message that is synonymous tomi in p. Hence h′ ∈ TN

j

by T1, a contradiction. Therefore |PN
j | = |PM

j | for any j ∈ I.

Proof of Lemma 3. Suppose N is obtained from M by trimming, that is, T1 and
T2 are satisfied for some i 6= N , p ∈ PM

i and distinct mi,m
′
i ∈MM

i (p).
Since N is a sub-mechanism of M , M dominates N by Lemma 1.
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Now we show N dominates M . Choose any s ∈ S(M ). Construct ŝ ∈ S(M )
that agrees with s except in the following: mi(xi, p|ŝ) = m′i for any xi ∈ Xi such
that mi(xi, p|s) = mi.
Choose any x = (x1, ..., xN) ∈ X. If ρi(x|s) /∈ p or mi(xi, p|s) 6= mi then ρj(x|ŝ) =
ρj(x|s) for any j ∈ I. Suppose ρi(x|s) ∈ p andmi(xi, p|s) = mi. Obviously ρj(x|ŝ) =
ρj(x|s) for any j ≤ i. Denote h = ρi(x|s). For any j > i we have

PM
j

(
ρj(x|ŝ)

)
= PM

j

(
ρj(x|ŝ, i, h,m′i)

)
= PM

j

(
ρj(x|ŝ, i, h,mi)

)
= PM

j

(
ρj(x|s, i, h,mi)

)
= PM

j

(
ρj(x|s)

)
where the first equality is due to h = ρi(x|ŝ) and mi(xi, p|ŝ) = m′i, the sec-
ond equality due to Lemma 8 as mi and m′i are synonymous at h, the third
equality due to the fact that ŝ and s agree for every player after i, and the
fourth equality due to ρi(x|s) = h and mi(xi, p|s) = mi. Thus we conclude
PM
j

(
ρj(x|ŝ)

)
= PM

j

(
ρj(x|s)

)
for any j ∈ I. Therefore

αj(x|ŝ) = aj

(
xj, P

M
j (ρj(x|ŝ))

∣∣∣ŝ) = aj

(
xj, P

M
j (ρj(x|s))

∣∣∣ŝ) = aj

(
xj, P

M
j (ρj(x|s))

∣∣∣s)
for any j ∈ I. Hence ααα(·|ŝ) = ααα(·|s).
By Part 1 of Lemma 9, for any j ∈ I and q ∈ PN

j there is ζ(q) ∈ PM
j such that

q ⊂ ζ(q). Construct s′ ∈ S(N ) such that for any j ∈ I, xj ∈ Xj and q ∈ PN
j ,

aj(xj, q|s′) = aj(xj, ζ(q)|ŝ),
(if j < N ) mj(xj, q|s′) = mj(xj, ζ(q)|ŝ).

To verify that s′ if well defined, we need to show: (1) mj(xj, q|s′) ∈ MN
j (q) for

any j < N , xj ∈ Xj and q ∈ PN
j and (2) aj(xj, q|s′) = vN (q). To verify (1), ob-

serve that if ζ(q) 6= p then mj(xj, q|s′) = mj(xj, ζ(q)|ŝ) ∈ MM
j (ζ(q)) = MN

j (q) by
Part 2 of Lemma 9. If ζ(q) = p then we have j = i and moreover mi(xi, q|s′) =
mi(xi, p|ŝ) ∈ MM

i (p)\{mi} = MN
j (q) by Part 3 of Lemma 9 because by construc-

tion mi(xi, p|ŝ) 6= mi. To verify (2), observe that aj(xj, q|s′) = aj(sj, ζ(q)|ŝ) =
vM (ζ(q)) = vN (q) because q ⊂ ζ(q) and vN is equal to vM restricted to TM

N .
Choose any x = (x1, ..., xN) ∈ X. Clearly ρ1(x|s′) = ρ1(x|ŝ). Suppose ρj(x|s′) =
ρj(x|ŝ) for any j ≤ k for some k ≥ 1. Thus

µk(x|s′) = mk

(
xk, P

N
k (ρk(x|s′))

∣∣∣s′) = mk

(
xk, ζ(PN

k (ρk(x|s′)))
∣∣∣ŝ)

= mk

(
xk, P

M
k (ρk(x|s′))

∣∣∣ŝ) = mk

(
xk, P

M
k (ρk(x|ŝ))

∣∣∣ŝ) = µk(x|ŝ).
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It follows that

ρk+1(x|s′) = ρk(x|s′)× µk(x|s′) = ρk(x|ŝ)× µk(x|ŝ) = ρk+1(x|ŝ).

Thus by induction ρj(x|s′) = ρi(x|ŝ) for any j ∈ I, implying

αj(x|s′) = aj

(
xi, P

N
j (ρj(x|s′))

∣∣∣s′) = aj

(
xj, ζ(PN

j (ρj(x|s′)))
∣∣∣ŝ)

= aj

(
xj, P

M
j (ρj(x|s′))

∣∣∣ŝ) = aj

(
xj, P

M
j (ρj(x|ŝ))

∣∣∣ŝ) = αj(x|ŝ).

It follows that ααα(·|s′) = ααα(·|ŝ), implying ααα(·|s′) = ααα(·|s). Thus C(M ) ⊂ C(N )
because s is arbitrarily chosen from S(M ). The present lemma then follows
from Proposition 1. �

A.5 Proof of Lemma 4

Proof. Suppose N is obtained from M by relabeling with relabeling function
(γi)i∈I .
Obviously (γ−1

i )i∈I satisfies R1, R2 and R4.
Now we show that (γ−1

i )i∈I satisfies R3. For any i 6= N , p ∈ PN
i andmi ∈MN

i (p)
define κ′(mi, p) such that κ(κ′(mi, p), τ(p)) = mi, where κ is defined in R3. We
need to verify that κ′ is well defined. R2 implies that there is τ(p) ∈ PM

i such
that h ∈ τ(p) if and only if γ(h) ∈ p. Choose any i 6= N , p ∈ PN

i , mi ∈ MN
i (p)

and g ∈ τ(p). Since (γi)i∈M maintains parent-children relation, so does (γ−1
i )i∈I ,

thus γ−1
i+1(γi(g) × mi) = g × m̂i for some m̂i ∈ MM

i (τ(p)). Moreover we have
κ(m̂i, τ(p)) = mi, confirming that indeed κ′(mi, p) exists. Now choose any h ∈ p.
R2 implies γ−1

i (h) ∈ τ(p). By construction h × mi = h × κ(κ′(mi, p), τ(p)). Also
note that

γi+1

(
γ−1
i (h)× κ′(mi, p)

)
= γi(γ

−1
i (h))× κ(κ′(mi, p), τ(p)) = h×mi.

Applying γ−1
i+1 to both sides we have γ−1

i (h) × κ′(mi, p) = γ−1
i+1(h ×mi). Thus γ−1

i

satisfies R3. �

A.6 Proof of Lemma 5

Proof. Suppose N is obtained from M by relabeling with relabeling function
(γi)i∈I . R2 implies that for any i ∈ I and p ∈ PN

i there is τ(p) ∈ PM
i such that

h ∈ τ(p) if and only if γi(h) ∈ p.
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Choose any s ∈ S(M ). Construct s′ ∈ S(N ) such that for any i ∈ I, xi ∈ Xi and
p ∈ PN

i ,

ai(xi, p|s′) = ai(xi, τ(p)|s),
(if i 6= N ) mi(xi, p|s′) = κ(mi(xi, τ(p)|s), τ(p)),

where κ is defined in R3. We need to ascertain that s′ is feasible. There are
two non-obvious points to verify that (1) aN(xi, p|s′) = vN (p) if N is a voting
mechanism, and (2) mi(xi, p|s′) ∈ MN

i (p). Regarding the first point, observe
that aN(xN , p|s′) = aN(xN , τ(p)|s) = vM (τ(p)) = vN (p), where the last equality is
due to R4. To verify the second point, pick choose any h ∈ τ(p) where p ∈ PN

i

for some i 6= N . Thus γi(h) ∈ p. R3 implies

γi+1(h×mi(xi, τ(p)|s)) = γi(h)× κ(mi(xi, τ(p)|s), τ(p)) = γi(h)×mi(xi, p|s′) ∈ TN
i+1.

Since γi(h) ∈ p, it follows that mi(xi, p|s′) ∈ MN
i (γi(h)), implying mi(xi, p|s′) ∈

MN
i (p).

Choose any x = (x1, ..., xN) ∈ X. Clearly ρ1(x|s′) = γ1(ρ1(x|s)). Suppose ρi(x|s′) =
γi(ρi(x|s)) for any i ≤ k for some k ≥ 1. Denote h = ρk(x|s), h′ = ρk(x|s′),
p = PM

k (h) and p′ = PN
k (h′). By the inductive hypothesis h′ = γk(h) and thus

p = τ(p′). We have

ρk+1(x|s′) = h′ ×mk(xk, p
′|s′) = γk(h)× κ(mk(xk, τ(p′)|s), τ(p′))

= γk(h)× κ(mk(xk, p|s), p) = γk+1(h×mk(xk, p|s)) = γk+1(ρk+1(x|s)).

Thus ρi(x|s′) = γi(ρi(x|s)) for any i ∈ I, implying PM
i (ρi(x|s)) = τ(PN

i (ρi(x|s′))).
Therefore

αi(x|s′) = ai

(
xi, P

N
i (ρi(x|s′))

∣∣∣s′) = ai

(
xi, τ(PN

i (ρi(x|s′)))
∣∣∣s)

= ai

(
xi, P

M
i (ρi(x|s))|s

)
= αi(x|s).

Thus ααα(·|s′) = ααα(·|s), implying C(M ) ⊂ C(N ) since s is arbitrarily chosen from
S(M ).
Lemma 4 implies M is obtained from N by relabeling. Thus by an analogous
argument as above we have C(N ) ⊂ C(M ). The present lemma then follows
by Proposition 1. �
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A.7 Proof of Lemma 6

Proof. Suppose N is obtained from M by merging. By definition there is i ∈ I
where Ai = {null}, p, q ∈ PM

i , and a one-to-one mapping n : MM
i (p)×MM

i (q)→
M̂ for some message set M̂ that is disjoint from MM

i (p)×MM
i (q), such that for

any j ∈ I M1-M3 is true. Thus p ∪ q ∈ PN
i . Let M̃ be the mechanism obtained

from N by partitioning the perception p ∪ q into two separate perceptions p
and q. M̃ is thus obtained from N by refining and hence M̃ dominates N by
Lemma 2.
M3 implies any message in MM̃

i (p)\MM
i (p) is synonymous to some message in

MM
i (p) and any message in MM̃

i (q)\MM
i (q) is synonymous to some message in

MM
i (q). Thus M is obtained from M̃ by trimming messages in MM̃

i (p)\MM
i (p)

off p and trimming messages inMM̃
i (q)\MM

i (q) off q. Lemma 3 then implies M
and M̃ dominate each other, and hence M dominates N because dominance is
transitive.
To establish that N dominates M it suffices to show that N dominates M̃ . By
definition for any m̂i ∈ M̂ there is πp(m̂i) ∈ MM

i (p) and πq(m̂i) ∈ MM
i (q) such

that m̂i = n
(
πp(m̂i), πq(m̂i)

)
. Pick any s ∈ S(M̃ ). Construct s′ ∈ S(M̃ ) that

agrees with s except in the following:

• mi(xi, p|s′) = πp

(
mi(xi, p|s)

)
for any xi such that mi(xi, p|s) ∈ M̂ .

• mi(xi, q|s′) = πq

(
mi(xi, p|s)

)
for any xi such that mi(xi, q|s) ∈ M̂ .

Since by M3(b) the message mi(xi, p|s′) is synonymous to πp
(
mi(xi, p|s)

)
for any

xi such thatmi(xi, p|s) ∈ M̂ , and byM3(c) the messagemi(xi, q|s′) is synonymous
to πq

(
mi(xi, q|s)

)
for any xi such thatmi(xi, q|s) ∈ M̂ , it follows from the proof of

Lemma 3 that ααα(·|s′) = ααα(·|s).

Clearly for any j ∈ I and r ∈ PM
j we have r ∈ P M̃

j . Construct ŝ ∈ S(N ) such
that for any j ∈ I and xj ∈ Xj, and r ∈ PN

j

• aj(xj, r|ŝ) = aj(xj, r|s′) if j 6= i.
• (If j < N ) mj(xj, r|ŝ) = mj(xj, r|s′) for any r 6= p ∪ q.
• mi(xi, p ∪ q|ŝ) = mi(xi, p|s′) if mi(xi, p|s′) = mi(xi, q|s′).

• mi(xi, p ∪ q|ŝ) = n
(
mi(xi, p|s′),mi(xi, q|s′)

)
if mi(xi, p|s′) 6= mi(xi, q|s′).

We do not need to specify Player i’s choice of activity ai because Ai is the null
set. It is straightforward to verify that ŝ is well-defined.
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We are going to show that PN
j (ρj(x|ŝ)) = P M̃

j (ρj(x|s′)) for any j 6= i. This is
obviously true for any j < i or for any x such that ρi(x|s′) /∈ p ∪ q since ρj(x|ŝ) =
ρj(x|s′) in these cases.
Pick any x such that ρi(x|s′) ∈ p. Clearly ρi(x|ŝ) = ρi(x|s′) and hencePM

i (ρi(x|s′)) =
p∪ q. By construction of s′ we havemi(xi, p|s′) ∈MM

i (p)∪MM
i (q). First, suppose

mi(xi, p|s′) = mi(xi, q|s′), then mi(xi, p ∪ q|ŝ) = mi(xi, p|s′) and it follows that

ρi+1(x|ŝ) = ρi(x|ŝ)×mi(xi, p ∪ q|ŝ) = ρi(x|s′)×mi(xi, p|s′) = ρi+1(x|s′).

It is then straightforward to verify that ρj(x|ŝ) = ρj(x|s′) and hencePN
j (ρj(x|ŝ)) =

P M̃
j (ρj(x|s′)) for any j > i. The same is true with an analogous argument for

any x such that ρi(x|s′) ∈ q and mi(xi, p|s′) = mi(xi, q|s′).

Now supposemi(xi, p|s′) 6= mi(xi, q|s′). Thenwe havemi(xi, p∪q|ŝ) = n
(
mi(xi, p|s′),mi(xi, q|s′)

)
.

Since n
(
mi(xi, p|s′),mi(xi, q|s′)

)
is by assumption synonymous to mi(xi, p|s′) at

ρ(x|ŝ) under N , it follows that

PN
i+1(ρi+1(x|ŝ)) = PN

i+1

(
ρi(x|ŝ)× n

(
mi(xi, p|s′),mi(xi, q|s′)

))
=PN

i+1

(
ρi(x|ŝ)×mi(xi, p|s′)

)
= PN

i+1

(
ρi(x|s′)×mi(xi, p|s′)

)
= PN

i+1(ρi+1(x|s′)).

It then is straightforward to verify by induction (a similar argument is provided
with more detail in the proof of Lemma 3) that PN

j (ρj(x|ŝ)) = P M̃
j (ρj(x|s′)) for

any j > i.
Thus we have established PN

j (ρj(x|ŝ)) = P M̃
j (ρj(x|s′)) for any j 6= i and x ∈ X.

For any j 6= i and x ∈ X we have

aj(x|ŝ) = aj

(
xj, P

N
j (ρ(x|ŝ))|ŝ

)
= aj

(
xj, P

N
j (ρ(x|ŝ))|s′

)
=aj

(
xj, P

M̃
j (ρ(x|s′))|s′

)
= aj(x|s′).

Thus ααα(·|ŝ) = ααα(·|s′) = ααα(·|s) and it follows that N dominates M̃ because s is
arbitrarily chosen from S(M̃ ). �

A.8 Proof of Theorem 2

Proof. Part 1 immediately follows Lemmas 1, 2, 3, 5 and 6.
Now we prove Part 2 in several steps. Suppose N dominates M .
(Step 1. “Merging”.) Continuously merge perceptions for every player iwhose
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activity set Ai is not the null set, until player i is left with a single perception.
Denote the resulting mechanism as L . It follows from Lemma 6 that M domi-
nates L . Thus N dominates L .
(Step 2. “Refining”.) For any i 6= N define ti = max{maxp∈PL

i
|ML

i (p)|, log |PL
i |

log |Ai| }.
Suppose |Xi| ≥ ti.
Since |Xi| ≥ maxp∈PL

i
ML

i (p), there is a mapping yi : PL
i × ∪p∈PL

i
ML

i (p) → Xi

such that yi(p,mi) 6= yi(p,m
′
i) for any mi,m

′
i ∈ML

i (p) where mi 6= m′i.
If |Ai| > 1 then for each p ∈ PL

i there is a mapping sip : Xi → Ai such that sip 6= sip′
if p 6= p′. To see that, first observe that the total number of mappings from Xi

to Ai is |Ai||Xi|. By assumption |Xi| ≥ log |PL
i |

log |Ai| or equivalently |Ai||Xi| ≥ |PL
i |.

Thus for each p ∈ PL
i we can assign a distinct mapping from Xi to Ai. It follows

that for any distinct p, p′ ∈ PL
i there is zi(p, p′) ∈ Xi such that sip(zi(p, p′)) 6=

sip′(zi(p, p
′)). If L is a voting mechanism we set sNp (xN) = vL (p) for any xN ∈ XN

and p ∈ PL
N — in this case sNp (xN) 6= sNp′ (xN) for any p 6= p′ because vL (p) 6=

vL (p′).
Choose any s ∈ S(L ) such that
• For any i ∈ I where |Ai| > 1, xi ∈ Xi and p ∈ PL

i :

ai(xi, p|s) = sip(xi).

• For any i 6= N , p ∈ PL
i and mi ∈ML

i (p):

mi(yi(p,mi), p|s) = mi.

For each h ∈ ∪i∈ITL
i construct xh = (xh1 , ..., x

h
N) ∈ X such that xhi = yi

(
PL
i (h(i−

1)), hi

)
for any i ≤ |h|. It is straightforward to verify that h = ρ|h|+1(xh|s).

Since N dominates L there is s′ ∈ S(N ) such that ααα(·|s′) = ααα(·|s). For any
i ∈ I define the following objects:
• γi(h) = ρi(x

h|s′) for any h ∈ TL
i .

• τi(p) = {h ∈ TL
i : γi(h) ∈ p} for any p ∈ PN

i .
• P̃i = {τi(p) : p ∈ PN

i and τ(p) 6= }.
Observe that P̃i is a partition of TL

i because: (1) for any h ∈ TL
i , γi(h) ∈ p for

some p ∈ PN
i , and (2) if h ∈ τ(p) and h ∈ τ(p′) then p = PN

i (γ(h)) = p′.
Note that for any i where |Ai| = 1, we have |PL

i | = 1 by construction and hence
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P̃i is a refinement of PL
i . Fix any i where |Ai| > 1. Suppose there exist h, g ∈ TL

i

such that PL
i (h) 6= PL

i (g) yet P̃i(h) = P̃i(g). Denote h′ = γi(h) and g′ = γi(g).
P̃i(h) = P̃i(g) implies PN

i (h′) = PN
i (g′). Choose x = (x1, ..., xN) ∈ X such that

xj = xhj for any j < i and xi = zi(P
L
i (h), PL

i (g)). Choose x̂ = (x̂1, ..., x̂N) ∈ X
such that x̂j = xgj for any j < i and x̂i = zi(P

L
i (h), PL

i (g)). Obviously ρi(x|s) =

ρi(x
h|s) = h. Similarly ρi(x̂|s) = g. Therefore we have

αi(x|s) = ai

(
zi

(
PL
i (h), PL

i (g)
)
, PL

i (h)
∣∣∣s) = siPL

i (h)

(
zi

(
PL
i (h), PL

i (g)
))

6= siPL
i (g)

(
zi

(
PL
i (h), PL

i (g)
))

= ai

(
zi

(
PL
i (h), PL

i (g)
)
, PL

i (g)
∣∣∣s) = αi(x̂|s).

It follows from h′ = ρi(x
h|s′) that h′ = ρi(x|s′) because xh and x agree for the first

i− 1 components. Similarly g′ = ρi(x̂|s′). Thus

αi(x|s′) = ai

(
zi

(
PL
i (h), PL

i (g)
)
, PN

i (h′)
∣∣∣s′) = ai

(
zi

(
PL
i (h), PL

i (g)
)
, PN

i (g′)
∣∣∣s′) = αi(x̂|s′)

where the second equality is due to PN
i (h′) = PN

i (g′). It follows that

αi(x|s′) = αi(x|s) 6= αi(x̂|s) = αi(x̂|s′) = αi(x|s′),

a contradiction. Thus PL
i (h) 6= PL

i P (g) implies P̃i(h) 6= P̃i(g), in turn implying
P̃i is a refinement of PL

i . Let K denote the mechanism obtained by refining PL
i

into P̃i for each i ∈ I. Thus K is obtained from L by refining.
(Step 3. “Trimming”.) Apply a sequence of trimming operations to K to
obtain J such that for any i 6= N and p ∈ PJ

i there do not existmi,m
′
i ∈M

J
i (p)

that are synonymous in p.
(Step 4. “Relabeling”.) J is a sub-mechanism of K . Therefore TJ

i ⊂ TK
i =

TL
i for any i ∈ I, and moreover PJ

i (h) = P
J
i (g) if and only if PK

i (h) = PK
i (g)

for any h, g ∈ TJ
i .

Recall the domain of γi is TL
i . Let T ′i denote the image of γi with domain re-

stricted to TJ
i . Let P ′i denote PN

i restricted to T ′i , that is, P ′i (h) = P ′i (g) if and
only if PN

i (h) = PN
i (g) for any h, g ∈ T ′i . For any i 6= N and h ∈ T ′i define

M ′
i(h) = {mi : h ×mi ∈ T ′i+1}. If N is a voting mechanism then define v′ as vN

with domain restricted to T ′N .
We are going to show that (1) γi satisfies R1-R4 in the definition of relabeling,
and (2) (T ′i , P

′
i ,M

′
i)i∈I constitutes an (improper) mechanism. These combined

establishes that the mechanism corresponding to (T ′i , P
′
i ,M

′
i)i∈I is obtained from

J by relabeling.

Observe that for any h, g ∈ TJ
i , PJ

i (h) = P
J
i (g) if and only if PK

i (h) = PK
i (g)
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if and only if PN
i (γi(h)) = PN

i (γi(g)) if and only if P ′i (γi(h)) = P ′i (γi(g)). Thus γi
satisfies R2.
For any h ∈ TJ

i and g ∈ TJ
i+1, if h is the parent of g then the first |h| components

of xh and xg are the same. It follows that ρ|h|+1(xg|s′) = ρ|h|+1(xh|s′), implying
γi(h) is the parent of γi+1(g). For any g, g′ ∈ T

J
i+1 such that γi+1(g) = γi+1(g),

since g(i − 1) is the parent of g and g′(i − 1) is the parent of g′, it follows that
γi(g(i− 1)) is the parent of γi+1(g) and γi(g′(i− 1)) is the parent of γi+1(g′). Since
each node has only one parent, it follows from γi+1(g) = γi+1(g′) that γi(g(i−1)) =
γi(g

′(i− 1)). Using this argument inductively it is straightforward to show that
γj(g(j − 1)) = γj(g

′(j − 1)) for any j ≤ i.

To establish that γi is a bijection between T
J
i and T ′i it is sufficient to verify

that γi with domain restricted to TJ
i is one-to-one. Suppose this were not the

case, then we could find distinct g, g′ ∈ TJ
i such that γi(g) = γi(g

′). Let j denote
the largest index such that g(j − 1) = g′(j − 1). Denote f = g(j − 1), h = g(j),
h′ = g′(j), m = gj and m′ = g′j. Thus h = f × m and h′ = f × m′. Since f is
the parent of h and h′ it follows that γj(f) is the parent of γj+1(h) and γj+1(h′).
That γi(g) = γi(g

′) then implies γj+1(h) = γj+1(h′) using the conclusion from the
previous paragraph.
Denote p = P

J
j (f) and p′ = PN

j (γj(f)). Since TJ
j ⊂ TK

j = TL
j , PJ

j is PK
j

restricted to TJ
j and moreover PK

j is a refinement of PL
j , there is q ∈ PL

j such
that p ⊂ q. By construction γj+1(h) = γj+1(h′) implies ρj(xh|s′) = ρj(x

h′|s′) and
µj(x

h|s′) = µj(x
h′ |s′). Since ρj(xh|s′) = ρj(x

h′|s′) = γj(f), it follows that

mj(x
h
j , p
′|s′) = µj(x

h|s′) = µj(x
h′ |s′) = mj(x

h′

i , p
′|s′).

Thusmj(yj(q,m), p′|s′) = mj(yj(q,m
′), p′|s′) because by construction we have xhj =

yj(q,m) and xh′j = yj(q,m
′).

Choose any l ∈ PJ
j (f) and l−cousins u, u′ ∈ TJ

r for some r ≥ j+ 1 where uj = m

and u′j = m′. PJ
j (f) = P

J
j (l) implies P̃j(f) = P̃j(l) = q. Thus xuj = yj(q,m) and

xu
′
j = yj(q,m

′). Also PJ
j (f) = P

J
j (l) implies PN

j (γj(f)) = PN
j (γj(l)) = p′.

By an earlier conclusion, l being the ancestor of u and u′ implies γj(l) is the
ancestor of γi(u) and γi(u

′), which then implies γj(l) = ρj(x
u|s′) = ρj(x

u′|s′).
Moreover we have

ρj+1(xu|s′) = ρj(x
u|s′)×mj

(
xuj , P

N
j (ρj(x

u|s′))
∣∣∣s′)

= γj(l)×mj(yj(q,mj), p
′|s′) = γj(l)×mj(yj(q,m

′
j), p

′|s′)

= ρj(x
u′ |s′)×mj

(
xu
′

j , P
N
j (ρj(x

u′ |s′))
∣∣∣s′) = ρj+1(xu

′|s′)
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where mj(yj(q,mj), p
′|s′) = mj(yj(q,m

′
j), p

′|s′) has been established above.

Suppose ρw(xu|s′) = ρw(xu
′|s′) for any w ≤ k for some k where r ≥ k ≥ j + 1. It

follows that PN
k (ρk(x

u|s′)) = PN
k (ρk(x

u′|s′)). Since xu(k−1) agrees with xu in the
first k − 1 components, it follows that γk(u(k − 1)) = ρk(x

u(k−1)|s′) = ρk(x
u|s′).

Similary γk(u′(k − 1)) = ρk(x
u′|s′). Thus PN

k (ρk(x
u|s′)) = PN

k (ρk(x
u′ |s′)) implies

PN
k

(
γk(u(k−1))

)
= PN

k

(
γk(u

′(k−1))
)
. It follows that P̃k(u(k−1)) = P̃k(u

′(k−1))

by construction of P̃k, which in turn implies PL
k (u(k−1)) = PL

k (u′(k−1)) because
P̃k is a refinement of PL

k . Since u and u′ are cousins, we have uk = u′k. Thus
yk

(
PL
k (u(k − 1)), uk

)
= yk

(
PL
k (u′(k − 1)), u′k

)
. Hence

ρk+1(xu|s′) = ρk(x
u|s′)×mk

(
yk

(
PL
k (u(k − 1)), uk)

)
, PN

k (ρk(x
u))
∣∣∣s′)

= ρk(x
u′ |s′)×mk

(
yk

(
PL
k (u′(k − 1)), u′k)

)
, PN

k (ρk(x
u′))
∣∣∣s′) = ρk+1(xu

′ |s′)

where the first equality is due to xuk = yk

(
PL
k (u(k − 1)), uk

)
and the second

equality likewise. Therefore ρr+1(xu|s′) = ρr+1(xu
′|s′) by induction, or equiva-

lently γr(u) = γr(u
′). It follows from PN

r (γr(u)) = PN
r (γr(u

′)) that P̃r(u) = P̃r(u
′),

which in turn implies PJ
r (u) = P

J
r (u′). Hence m and m′ are synonymous at l

under J . Since l is arbitrarily chosen from P
J
j (f), it follows thatm andm′ are

synonymous in P
J
j (f) under J , or in other words m is redundant in P

J
j (f).

This is a contradiction, because by construction J is obtained from K by trim-
ming off all redundant messages in any perception. Therefore γi restricted to
T

J
i is one-to-one, establishing R1.

Now we show γi satisfies R3. Choose any p ∈ P
J
i and m ∈ M

J
i (p). We have

established above that there is q ∈ PL
i such that p ⊂ q. Also clearly there exists

p′ ∈ PN
i such that γi(h) ∈ p′ for any h ∈ p. For any h ∈ p we have

γi+1(h×m) = ρi+1(xh×m|s′)

= ρi(x
h×m|s′)×mi

(
yi(q,m), PN

i (ρi(x
h×m|s′))

∣∣∣s′)
= γi(h)×mi(yi(q,m), p′|s′)

where the second equality is due to xh×mi = yi(q,m) due to PL
i (h) = q. Note that

mi(yi(q,m), p′|s′) does not depend on h, thus implying R3.
Now we show that γN satisfies R4 when J is a voting mechanism. For any
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h ∈ TJ
N we have

vJ (h) = vK (h) = vL (h) = αN(xh|s) = αN(xh|s′) = aN

(
xh, PN

N (ρN(xh|s′))
∣∣∣s′)

= vN (ρN(xh|s′)) = vN (γN(h)) = v′(γN(h)).

Now we show that (T ′i∈I , P
′
i∈I ,M

′
i 6=N) (or (T ′i∈I , P

′
i∈I ,M

′
i 6=N , v

′) in the case of vot-
ing mechanism) indeed corresponds to an improper mechanism. The only non-
obvious part is that M ′

i(h) = M ′
i(g) if P ′i (h) = P ′i (g) for any i 6= N and h, g ∈ T ′i .

Suppose there exist i 6= N and h, g ∈ T ′i such that P ′i (h) = P ′i (g) yet M ′
i(h) 6=

M ′
i(g). Without loss of generality suppose there is m ∈ M ′

i(h) such that m /∈
M ′

i(g). Since we have established that γ mapping maintains the parent-child
relation, γ−1

i+1(h × m) = γ−1
i (h) × m̂ for some m̂ ∈ M

J
i (γ−1

i (h)). R2 implies
P

J
i (γ−1

i (h)) = P
J
i (γ−1

i (g)). Thus m̂ ∈MJ
i (γ−1

i (g)). R3 then implies γi+1(γ−1
i (g)×

m̂) = γi(γ
−1
i (g))×m = g ×m since PJ

i (γ−1
i (h)) = P

J
i (γ−1

i (g)), contradicting the
supposition that m /∈ M ′

i(g). Therefore (T ′i∈I , P
′
i∈I ,M

′
i 6=N) indeed corresponds to

an improper mechanism H , and we have established H is obtained from J by
relabeling under (γi∈I).
(Step 5. Expanding) Obviously H is a sub-mechanism of N , thus N is ob-
tained from H by expanding. �

A.9 Proof of Proposition 2

Proof. Pick any M ∈ V . Obtain L by applying refining to M so that PL
i are

composed of singletons for every i 6= N . If there is some g ∈ TL
N−1 such that

vL (g × m) = vL (g × m′) for distinct m,m′ ∈ ML
N−1 = Y then PL

N (g × m) =
PL
N (g × m′), implying m is synonymous to m′ given g and hence is redundant

given {g} ∈ PL
N−1. We can trim m off {g} and obtain mechanism K . Then

expand K by re-introducing m to MK
N−1({g}) = Y \{m} by putting g × m in a

different perception from g×m′ (this is feasible because AN = |Y | ≥ 2 and hence
under vK there can be more than one perception for player N ). In the resulting
mechanism m and m′ are not synonymous at {g}. Clearly we can iteratively
apply this trimming and expanding procedure until no message is redundant
at any perception of player N − 1. Denote the resulting mechanism as J .
Consider the mappings (γi)i∈N such that γi(h) = h for any i 6= N and γN(h) =
h × vJ (h). It is straightforward to verify that (γi)i∈N is a relabeling function,
and hence N is obtained from J by relabeling. The proposition follows from
Theorem 2, Part 1.
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A.10 Proof of Proposition 3

Proof. Fix mechanism M where there is some i such that |PM
i | < |TM

i |. We
can obtain some mechanism N from M by strictly refining PM

i . Conditions
1 and 2 in the proposition are clearly satisfied. N dominates M by Lemma
2. If M dominates N then by Theorem 2 M can be obtained from N by a
sequence of operations of expanding, refining, trimming or relabeling. Note
that merging does not apply because none of the player has a null activity set.
Since none of the operations decrease the number of perceptions of i, 16 it follows
that |PM

i | ≥ |PN
i |, a contradiction. Thus M does not dominate N . �

A.11 Proof of Proposition 4

Proof. Fix mechanism M where |PM
i+1| ≥ 2 for some i ≥ 2. Let N be obtained

from M by expanding in such a way that:
P1 MN

j = MM
j for any j /∈ {i− 1, i, N}.

P2 MM
i−1 ⊂MN

i−1.
P3 MN

i = MM
i ∪ {m} for some m /∈MM

i .
P4 There is some p ∈ PN

i such that TN
i \TM

i ⊂ p.
P5 No message is redundant at p under N .

We first show that N exists. Clearly a mechanism L satisfying P1-P4 can be
easily constructed. Let p̂ denote the perception in PL

i that contains TL
i \TM

i .
If L satisfies P5 then we are done. If not then there exist m,m′ ∈ ML

i that
are synonymous at p̂. We can expand L to obtain K by making an additional
message m̂ available to player i− 1 in such a way that:
• There is some h ∈ TL

i−1 such that PK
i (h× m̂) contains p̂. In other words, p̂

is enlarged to contain h× TL
i−1.

• PK
i+1(g × m̂×m) 6= PK

i+1(g × m̂×m′) for every g ∈ TL
i−1.

K clearly satisfies P1-P4. By construction there is some p̃ ∈ PK
i such that p̂ ⊂ p̃,

and m and m′ are not synonymous at p̃. Continue applying this particular type
of expanding until P5 is satisfied, which takes finitely many iterations. The
resulting mechanism clearly satisfies P1-P5.
Now we show that any mechanism N obtained from M by satisfying P1-P5
strictly dominates M . N (weakly) dominates M by Lemma 1. If M also

16By Lemma 9, trimming does not decrease the number of perceptions of any player.
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(weakly) dominates N then the proof of Theorem 2 implies there are mech-
anisms M 1, M 2, M 3 such that

1. M 1 is obtained from N by refining.
2. M 2 is obtained from M 1 by a sequence of trimmings.
3. M 3 is obtained from M 2 by relabeling.
4. M is obtained from M 3 by expanding.

Note that merging does not apply because no player has the null activity set.
That |PM

j | = |PN
j | for every j ∈ I implies M 1 = N because strict refining

increases the number of perceptions for some player, which will not later be
decreased by trimming, relabeling or expanding. P4 then implies MM 1

i (p) =
MN

i (p) = MM
i ∪ {m} because no message can be trimmed off p. Since nei-

ther relabeling nor expanding decreases the number of messages, it follows that
|MM

i | = |MM
i |+ 1, a contradiction. �

A.12 Proof of Proposition 5

Proof. Apply the following operations to M : Starting from i = N −1, if Ai is the
null set then continuously merge perceptions of player i until there is only one
perception left; if Ai is not the null set then do nothing and move to player i− 1;
end until player 1 is reached. Let L denote the end-product of this sequence of
operations. It is easy to verify that L is a proper mechanism. By the proof of
Theorem 2 we have ti ≤ max{|ML

i |,
log |PM

i |
log |Ai| }. It remains to show that |ML

i | ≤ ψi.

|ML
1 | = |MM

1 | = ψ1 because player 1 has a single perception in M and hence
no perceptions are merged and no additional messages are awarded to him.
|ML

N | = 0 = ψN because player N has no available messages at all.
For any 1 < i 6= N , ifAi is not the null set thenmerging does not change the set of
available messages for player i and henceML

i = MM
i , implying |ML

i | = |MM
i | =

ψi. If Ai is the null set then player i has at most |MM
1 ||MM

2 |...|MM
i−1| perceptions

when the algorithm starts to merge his perceptions. It is straightforward to
verify that if two perceptions p and q are merged, the number of messages in the
new perception is the product of the number of messages originally available in
p and the number of messages originally available in p. Thus we have |ML

i | ≤
|MM

i ||M
M
1 ||MM

2 |...|MM
i−1| regardless of in which order the perceptions are merged.

This completes the proof.
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Proof of Proposition 7

Proof. Given the observation that C(M ) = ∪w∈WMC(M (w)) and Theorem 1,
part 1 is equivalent to the following statement: ∪w∈WMC(M (w)) ⊂ C(N ) if
and only if C(M (w)) ⊂ C(N ) for every w ∈ WM . This is obviously true.
Similarly, part 2 is equivalent to the following statement: C(N ) ⊂ ∪w∈WMC(M (w))
if and only if C(N ) ⊂ C(M (w)) for some w ∈ WM . The “if” direction is ob-
vious. We now establish the “only if” direction. Suppose C(N ) ⊂ C(M ) =
∪w∈WMC(M (w)). For any i 6= N , since Ai = {null} we can merge player i’s
perceptions in N until he has only one perception left. Let the resulting mech-
anisms be L . L and N dominate each other by Lemma 6. Let the constants
ti, i = 1, ..., N − 1 and s ∈ S(L ) be constructed as in the proof of part 2 of
Theorem 2. Since C(L ) = C(N ) ⊂ C(M ) there exists s′ ∈ S(M ) such that
ααα(·|s′) = ααα(·|s). Let w be player N ’s strategy under s′. Applying the same ar-
guments as in the proof of part 2 of Theorem 2 it can be verified that M (w)
is obtained from N by refining, trimming, relabeling and expanding. Thus by
Theorem 2 M (w) dominates N .
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